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Preface

This volume contains the 74 contributed papers and abstracts of 4 of the 5
invited talks presented at the 10th Annual European Symposium on Algorithms
(ESA 2002), held at the University of Rome “La Sapienza”, Rome, Italy, 17-21
September, 2002.

For the first time, ESA had two tracks, with separate program committees,
which dealt respectively with:

— the design and mathematical analysis of algorithms (the “Design and Anal-
ysis” track);

— real-world applications, engineering and experimental analysis of algorithms
(the “Engineering and Applications” track).

Previous ESAs were held in Bad Honnef, Germany (1993); Utrecht, The Nether-
lands (1994); Corfu, Greece (1995); Barcelona, Spain (1996); Graz, Austria
(1997); Venice, Italy (1998); Prague, Czech Republic (1999); Saarbriicken, Ger-
many (2000), and Arhus, Denmark (2001). The predecessor to the Engineering
and Applications track of ESA was the Annual Workshop on Algorithm Engi-
neering (WAE). Previous WAEs were held in Venice, Italy (1997), Saarbriicken,
Germany (1998), London, UK (1999), Saarbriicken, Germany (2000), and Arhus,
Denmark (2001).

The proceedings of the previous ESAs were published as Springer LNCS
volumes 726, 855, 979, 1284, 1461, 1643, 1879, and 2161. The proceedings of
WAESs from 1999 onwards were published as Springer LNCS volumes 1668, 1982,
and 2161.

Papers were solicited in all areas of algorithmic research, including but
not limited to: Computational Biology, Computational Finance, Computa-
tional Geometry, Databases and Information Retrieval, External-Memory Al-
gorithms, Graph and Network Algorithms, Graph Drawing, Machine Learn-
ing, Network Design, On-line Algorithms, Parallel and Distributed Computing,
Pattern Matching and Data Compression, Quantum Computing, Randomized
Algorithms, and Symbolic Computation. The algorithms could be sequential,
distributed, or parallel. Submissions were strongly encouraged in the areas of
mathematical programming and operations research, including: Approximation
Algorithms, Branch-and-Cut Algorithms, Combinatorial Optimization, Integer
Programming, Network Optimization, Polyhedral Combinatorics, and Semidef-
inite Programming.

Each extended abstract was submitted to exactly one of the two tracks, and
some abstracts were switched from one track to the other at the discretion of
the program chairs, before the reviewing process. The extended abstracts were
read by at least three referees each, and evaluated on their quality, originality,
and relevance to the symposium. The program committees of both tracks met
at TU Berlin on May 24 and 25. Of 149 abstracts submitted for the Design and
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Analysis track, 50 were selected for presentation. Of 52 abstracts submitted for
the Engineering and Applications track, 24 were selected for presentation.

The members of the program committees of the two tracks were:

Design and Analysis Track

Engineering and Applications Track

Susanne Albers (Freiburg) Karen Aardal (Utrecht)
Stephen Alstrup  (ITU, Kgbenhavn) Camil Demetrescu (Roma)
Jéanos Csirik (Szeged) Olivier Devillers (INRIA)
Thomas Erlebach (ETH, Ziirich) Thomas Liebling  (EPF, Lausanne)
Séndor Fekete (Braunschweig) Michael Mitzenmacher (Harvard)
Lisa Fleischer (Carnegie-Mellon) David Mount (Maryland)
Kazuo Iwama (Kyoto) Matthias Miiller-Hannemann (Bonn)
Alberto Marchetti-Spaccamela (Roma) S. Muthukrishnan (Rutgers)
Rolf Mohring (TU Berlin, chair) Petra Mutzel (TU Wien)
Giinter Rote (FU Berlin) Rajeev Raman (Leicester, chair)
Andreas Schulz (MIT) Peter Sanders (MPI Informatik)
Jif{ Sgall (CAS, Praha)

Christos Zaroliagis (Patras)

Uri Zwick (Tel Aviv)

ESA 2002 was held along with the 5th International Workshop on Approx-
imation Algorithms for Combinatorial Optimization (APPROX 2002), the 2nd
Workshop on Algorithms in Bioinformatics (WABI 2002), and the 3rd Workshop
on Approximation and Randomization Algorithms in Communication NEtworks
(ARACNE 2002) in the context of the combined conference ALGO 2002.

The organizing committee of ALGO 2002 consisted of: Giorgio Ausiello, Fab-
rizio d’Amore, Camil Demetrescu, Silvana Di Vincenzo, Paolo Giulio Franciosa,
Daniele Frigioni, Stefano Leonardi, Alberto Marchetti-Spaccamela, and Alessan-
dro Panconesi.

ESA 2002 was sponsored by EATCS (the European Association for Theo-
retical Computer Science). The EATCS sponsorship included an award of EUR
500 for the best student paper at ESA 2002. This award was shared by Mayur
Datar for his paper Multibutterflies and Peer-to-Peer Networks and by Marcin
Peczarski for his paper Sorting 16 Elements Requires 34 Comparisons.

July 2002 Rolf Méhring and Rajeev Raman

Program Chairs, ESA 2002



Referees

Dimitris Achlioptas
Oswin Aichholzer
Tatsuya Akutsu
Jochen Alber

Itai Alon

Helmut Alt

Ernst Althaus
Christoph Ambuehl
Sai Anand

Lars Arge

Estie Arkin

Franz Aurenhammer
Giorgio Ausiello
Adi Avidor
Ricardo Baeza-Yates
Georg Baier
Brenda Baker
Nikhil Bansal

Gill Barequet

Luca Becchetti
Rene Beier
Alexander Below
Amir Ben-Amram
Michael Bender
Therese Biedl
Philip Bille

Avrim Blum
Jens-Peter Bode
Hans Bodlaender
Joan Boyar

Peter Braf

Gerth Brodal
Britta Broser

Dan Brown

Adam Buchsbaum
Toannis Caragiannis
Frederic Cazals
Marco Cesati
Chandra Chekuri
Marek Chrobak
William Cook
Derek Corneil
Artur Czumaj
Fabrizio d’Amore

Mark de Berg

Brian Dean
Romuald Debruyne
Erik Demaine

Camil Demetrescu
Luc Devroye
Giuseppe Di Battista
Vida Dujmovic
Sebastian Egner
Stephan Eidenbenz
Andreas Eisenblétter
Toannis Emiris
David Eppstein
Leah Epstein
Patricia Evans

Guy Even

Rolf Fagerberg

Amr Farahat

Lene Monrad Favrholdt

Stefan Felsner
Paolo Ferragina
Jiri Fiala

Amos Fiat

Dimitris Fotakis
Alan Frieze

Stefan Funke

Hal Gabow

Naveen Garg

Cyril Gavoille
Joachim Giesen
Inge Li Gortz
Catherine Greenhill
Roberto Grossi
Dimitrios Gunopulos
Anupam Gupta
Jens Gustedt
Torben Hagerup
Peter Hajnal
Alexander Hall
Toru Hasunuma
Laura Heinrich-Litan
John Hershberger

Winfried Hochstaettler

Frank Hoffmann

Thomas Hofmeister
Takashi Horiyama
Keiko Imai
Michiko Inoue
Toshimasa Ishii
Giuseppe F. Italiano
Hiro Ito

Chuzo Iwamoto
Riko Jacob

Klaus Jansen

Berit Johannes
Tibor Jordan
Vanessa Kéab

Lars Kaderali
Volker Kaibel
Haim Kaplan
Sanjiv Kapoor
Menelaos Karavelas
Juha Kéarkk&inen
Jyrki Katajainen
Michael Kaufmann
Makino Kazuhisa
Claire Kenyon
Richard Kenyon
Lutz Kettner
Sanjeev Khanna
Ralf Klasing
Gunnar Klau
Sandi Klavzar

Rolf Klein

Jon Kleinberg
Bettina Klinz
Christian Knauer
Gabriele Kodydek
Ekkehard Kohler
Stavros Kolliopoulos
Petr Kolman
Jochen Konemann
Ulrich Kortenkamp
Guy Kortsarz

Arie Koster

Daniel Kral

Georg Kraml
Klaus Kriegel



VIII Referees

Sven Krumke
Sebastian Leipert
Stefano Leonardi
Adam Letchford
Andrzej Lingas
Ivana Ljubié¢
Marco Liibbecke
Frank Lutz
Christos Makris
Alberto Marchetti-
Spaccamela

Chip Martel
Conrado Martinez
Toshimitsu Masuzawa
Madhav Marathe
Yossi Matias

Ross McConnell
Colin McDiarmid
Terry McKee
Henk Meijer
Adam Meyerson
Joseph Mitchell
Hiroyoshi Miwa
Shuichi Miyazaki
Géraldine Morin
Walter Morris

Christian W. Mortensen

Nicolas Stier Moses
Rudolf Miiller
David Mount

S. Muthukrishnan
Stefan Naher
Hiroshi Nagamochi
Shin-ichi Nakano
Giri Narasimhan
Gonzalo Navarro
Nathan Netanyahu
Rolf Niedermeier
Mads Nielsen
Sotiris Nikoletseas
Koji Obokata

Jesper Holm Olsen
Joe O’Rourke
Anna Ostlin
Rasmus Pagh

Christian N. S. Pedersen

Itsik Pe’er
Marco Pellegrini
Shietung Peng
Seth Pettie

Marc Pfetsch
Athanasios Poulakidas
Kirk Pruhs
Tomasz Radzik
Naila Rahman
Jorg Rambau
Edgar Ramos
Theis Rauhe

R. Ravi

Eric Remila
Franz Rendl
Ares Rib6

Liam Roditty
Amir Ronen
Peter Rossmanith
Ingo Schiermeyer
Stefan Schirra
Elmar Schémer
Martin Schénhacker
Steve Seiden
Maria Jose Serna
Jay Sethuraman
Micha Sharir
Bruce Shepherd
Tetsuo Shibuya
Akiyoshi Shioura
Amitabh Sinha
Spyros Sioutas
Rene Sitters
Steve Skiena
Martin Skutella
Michiel Smid

Jack Snoeyink
Roberto Solis-Oba
Ewald Speckenmeyer
Bettina Speckmann
Jeremy Spinrad
Paul Spirakis

S. Srinivasa Rao
Yiannis Stamatiou
Stamatis Stefanakos
CIliff Stein

Leen Stougie
Subhash Suri
Mario Szegedy
Takashi Takabatake
Ayellet Tal
Roberto Tamassia
Arie Tamir

Vanessa Teague
Sven Thiel

Mikkel Thorup
Takeshi Tokuyama
Kostas Tsichlas
Tatsuie Tsukiji
Marc Uetz

Takeaki Uno

Hein van der Holst
Rob van Stee
Rakesh Vohra
Danica Vukadinovic
Uli Wagner
Dorothea Wagner
Arnold Wassmer
René Weiskircher
Carola Wenk

Peter Widmayer
Gerhard Woeginger
Alexander Wolff
Giinter Ziegler
Martin Zinkevich



Table of Contents

Invited Lectures

Solving Traveling Salesman Problems ............ ... ... ..o oot 1
William Cook

Computing Shapes from Point Cloud Data ........... ... .. .. ... ...... 2
Tamal K. Dey
Mechanism Design for Fun and Profit ......... .. .. .. .. ... 3

Anna R. Karlin

On Distance Oracles and Routing in Graphs ............. ... ... . ..., 4
Mikkel Thorup

Contributed Papers

Kinetic Medians and kd-Trees .........c.ouieiiiiiniiii i 5
Pankaj K. Agarwal, Jie Gao, and Leonidas J. Guibas

Range Searching in Categorical Data: Colored Range Searching on Grid ....17
Pankaj K. Agarwal, Sathish Govindarajan, and S. Muthukrishnan

Near-Linear Time Approximation Algorithms for Curve Simplification ..... 29
Pankaj K. Agarwal, Sariel Har-Peled, Nabil H. Mustafa, and Yusu Wang

Translating a Planar Object to Maximize Point Containment .............. 42
Pankaj K. Agarwal, Torben Hagerup, Rahul Ray, Micha Sharir,
Michiel Smid, and Emo Welzl

Approximation Algorithms for k-Line Center ............................... 54
Pankaj K. Agarwal, Cecilia M. Procopiuc, and Kasturi R. Varadarajan

New Heuristics and Lower Bounds
for the Min-Max k-Chinese Postman Problem ........................... ... 64
Dino Ahr and Gerhard Reinelt

SCIL — Symbolic Constraints in Integer Linear Programming ............... 75
Ernst Althaus, Alexander Bockmayr, Matthias Elf, Michael Jinger,
Thomas Kasper, and Kurt Mehlhorn

Implementing I/O-efficient Data Structures Using TPIE ................... 88
Lars Arge, Octavian Procopiuc, and Jeffrey Scott Vitter
On the k-Splittable Flow Problem ............. ... .. .. ... ... ..., 101

Georg Baier, Ekkehard Kéhler, and Martin Skutella



X Table of Contents

Partial Alphabetic Trees .........ooiiiiii i i 114
Arye Barkan and Haim Kaplan

Classical and Contemporary Shortest Path Problems in Road Networks:
Implementation and Experimental Analysis of the TRANSIMS Router ....126
Chris Barrett, Keith Bisset, Riko Jacob, Goran Konjevod,

and Madhav Marathe

Scanning and Traversing: Maintaining Data for Traversals

in a Memory Hierarchy .......... ... 139
Michael A. Bender, Richard Cole, Erik D. Demaine,

and Martin Farach-Colton

Two Simplified Algorithms for Maintaining Order in a List ............... 152
Michael A. Bender, Richard Cole, Erik D. Demaine,
Martin Farach-Colton, and Jack Zito

Efficient Tree Layout in a Multilevel Memory Hierarchy ................... 165
Michael A. Bender, Erik D. Demaine, and Martin Farach-Colton

A Computational Basis for Conic Arcs and Boolean Operations

on Conic Polygons . ... ..o 174
Eric Berberich, Arno FEigenwillig, Michael Hemmer, Susan Hert,

Kurt Mehlhorn, and Elmar Schémer

TSP with Neighborhoods of Varying Size ........... .. .. ... . ... 187
Mark de Berg, Joachim Gudmundsson, Matthew J. Katz,
Christos Levcopoulos, Mark H. Overmars, and A. Frank van der Stappen

1.375-Approximation Algorithm for Sorting by Reversals .................. 200
Piotr Berman, Sridhar Hannenhalli, and Marek Karpinski

Radio Labeling with Pre-assigned Frequencies ............................ 211
Hans L. Bodlaender, Hajo Broersma, Fedor V. Fomin,
Artem V. Pyatkin, and Gerhard J. Woeginger

Branch-and-Bound Algorithms for the Test Cover Problem ................ 223
Koen M.J. De Bontridder, B.J. Lageweg, Jan K. Lenstra,
James B. Orlin, and Leen Stougie

Constructing Plane Spanners of Bounded Degree and Low Weight ........ 234
Prosenjit Bose, Joachim Gudmundsson, and Michiel Smid
Eager st-Ordering . .........ouoiuiiii e 247

Ulrik Brandes

Three-Dimensional Layers of Maxima ......... ...t 257
Adam L. Buchsbaum and Michael T. Goodrich

Optimal Terrain Construction Problems and Applications

in Intensity-Modulated Radiation Therapy ................c..ciiiiiiia.. 270
Danny Z. Chen, Xiaobo S. Hu, Shuang Luan, Xiaodong Wu,

and Cedric X. Yu



Table of Contents XI

Geometric Algorithms for Density-Based Data Clustering ................. 284
Danny Z. Chen, Michiel Smid, and Bin Xu

Balanced-Replication Algorithms for Distribution Trees ................... 297
Edith Cohen and Haim Kaplan

Butterflies and Peer-to-Peer Networks ....... ..., 310

Mayur Datar

Estimating Rarity and Similarity over Data Stream Windows ............. 323
Mayur Datar and S. Muthukrishnan

Efficient Constructions of Generalized Superimposed Codes

with Applications to Group Testing and Conflict Resolution

in Multiple Access Channels ......... ..., 335
Annalisa De Bonis and Ugo Vaccaro

Frequency Estimation of Internet Packet Streams with Limited Space ..... 348
Erik D. Demaine, Alejandro Lépez-Ortiz, and J. Ian Munro
Truthful and Competitive Double Auctions .....................coooii... 361

Kaustubh Deshmukh, Andrew V. Goldberg, Jason D. Hartline,
and Anna R. Karlin

Optimal Graph Exploration without Good Maps .......................... 374
Anders Dessmark and Andrzej Pelc

Approximating the Medial Axis from the Voronoi Diagram
with a Convergence GUarantee ..............c..couiiiiiniiininennen.. 387
Tamal K. Dey and Wulue Zhao

Non-independent Randomized Rounding and an Application
to Digital Halftoning .......... . i 399
Benjamin Doerr and Henning Schnieder

Computing Homotopic Shortest Paths Efficiently ......................... 411
Alon Efrat, Stephen G. Kobourov, and Anna Lubiw

An Algorithm for Dualization in Products of Lattices and
Tts AppPlcations . .......ouiiu i 424
Khaled M. Elbassioni

Determining Similarity of Conformational Polymorphs .................... 436
Angela Enosh, Klara Kedem, and Joel Bernstein

Minimizing the Maximum Starting Time On-line ......................... 449
Leah Epstein and Rob van Stee

Vector Assignment Problems: A General Framework ...................... 461
Leah Epstein and Tamir Tassa

Speeding Up the Incremental Construction of the Union
of Geometric Objects in Practice .......... ... .. .. 473
Eti Ezra, Dan Halperin, and Micha Sharir



XII Table of Contents

Simple and Fast: Improving a Branch-And-Bound Algorithm
for Maximum ClQUe . ........ii e 485
Torsten Fahle

Online Companion Caching ............ ... i 499
Amos Fiat, Manor Mendel, and Steven S. Seiden

Deterministic Communication in Radio Networks with Large Labels ...... 512
Leszek Gasieniec, Aris Pagourtzis, and Igor Potapov

A Primal Approach to the Stable Set Problem ............................ 525

Claudio Gentile, Utz-Uwe Haus, Matthias Koppe, Giovanni Rinalds,
and Robert Weismantel

Wide-Sense Nonblocking WDM Cross-Connects ..............cooooia.... 538
Penny Hazxell, April Rasala, Gordon Wilfong, and Peter Winkler

Efficient Implementation of a Minimal Triangulation Algorithm ........... 550
Pinar Heggernes and Yngve Villanger

Scheduling Malleable Parallel Tasks:

An Asymptotic Fully Polynomial-Time Approximation Scheme ............ 562
Klaus Jansen

The Probabilistic Analysis of a Greedy Satisfiability Algorithm ........... 574
Alexis C. Kaporis, Lefteris M. Kirousis, and Efthimios G. Lalas

Dynamic Additively Weighted Voronoi Diagrams in 2D ................... 586

Menelaos 1. Karavelas and Mariette Yvinec

Time-Expanded Graphs for Flow-Dependent Transit Times ............... 599
Ekkehard Kdéhler, Katharina Langkau, and Martin Skutella

Partially-Ordered Knapsack and Applications to Scheduling ............... 612
Stavros G. Kolliopoulos and George Steiner

A Software Library for Elliptic Curve Cryptography ...................... 625
Elisavet Konstantinou, Yiannis Stamatiou, and Christos Zaroliagis

Real-Time Dispatching of Guided
and Unguided Automobile Service Units with Soft Time Windows ........ 637
Sven O. Krumke, Jérg Rambau, and Luis M. Torres

Randomized Approximation Algorithms

for Query Optimization Problems on Two Processors ..................... 649
Eduardo Laber, Ojas Parekh, and R. Ravi

Covering Things with Things .......... .o i i 662
Stefan Langerman and Pat Morin

On-Line Dial-a-Ride Problems under a Restricted Information Model ..... 674

Maarten Lipmann, X. Lu, Willem E. de Paepe, Rene A. Sitters,
and Leen Stougie



Table of Contents XIII

Approximation Algorithm
for the Maximum Leaf Spanning Tree Problem for Cubic Graphs .......... 686
Krzysztof Lorys and Grazyna Zwozniak

Engineering a Lightweight Suffix Array Construction Algorithm ........... 698
Giovanni Manzini and Paolo Ferragina

Complexity of Compatible Decompositions of Eulerian Graphs

and Their Transformations .............iiiiiiii . 711
Jana Maxovd and Jaroslav NeSetril
External-Memory Breadth-First Search with Sublinear I/O ............... 723

Kurt Mehlhorn and Ulrich Meyer

Frequency Channel Assignment on Planar Networks ...................... 736
Michael Molloy and Mohammad R. Salavatipour

Design and Implementation of Efficient Data Types for Static Graphs ..... 748
Stefan Ndher and Oliver Zlotowski

An Exact Algorithm for the Uniformly-Oriented Steiner Tree Problem .... 760
Benny K. Nielsen, Pawel Winter, and Martin Zachariasen

A Fast, Accurate and Simple Method for Pricing European-Asian

and Saving-Asian Options . ... 772
Kenichiro Ohta, Kunihiko Sadakane, Akiyoshi Shioura,

and Takeshi Tokuyama

Sorting 13 Elements Requires 34 Comparisons ................coooiuvne.n. 785
Marcin Peczarski

Extending Reduction Techniques for the Steiner Tree Problem ............ 795
Tobias Polzin and Siavash Vahdati Daneshmand

A Comparison of Multicast Pull Models ..................c..oiiiiiii... 808
Kirk Pruhs and Patchrawat Uthaisombut

Online Scheduling for Sorting Buffers .............. ... .. ... ... ... ..., 820

Harald Rdicke, Christian Sohler, and Matthias Westermann

Finding the Sink Takes Some Time: An Almost Quadratic Lower Bound
for Finding the Sink of Unique Sink Oriented Cubes ...................... 833
Ingo Schurr and Tibor Szabd

Lagrangian Cardinality Cuts and Variable Fixing
for Capacitated Network Design ........ ..., 845
Meinolf Sellmann, Georg Kliewer, and Achim Koberstein

Minimizing Makespan and Preemption Costs on a System
of Uniform Machines .............oiiiiiiiiiii e 859
Hadas Shachnai, Tami Tamir, and Gerhard J. Woeginger



XIV Table of Contents

Minimizing the Total Completion Time On-line on a Single Machine,
Using Restarts ......... 872
Rob van Stee and Han La Poutré

High-Level Filtering for Arrangements of Conic Arcs ...................... 884
Ron Wein

An Approximation Scheme for Cake Division
with a Linear Number of Cuts .......... ... ... i i, 896
Gerhard J. Woeginger

A Simple Linear Time Algorithm for Finding Even Triangulations
of 2-Connected Bipartite Plane Graphs ............ ... ... ... ... ... ... 902
Huaming Zhang and Xin He

Author Index ... 915



Solving Traveling Salesman Problems

— Invited Lecture —

William Cook

School of Industrial and Systems Engineering, Georgia Tech.
wcook@isy.gatech.edu

Abstract Given the cost of travel between each pair of a finite number
of cities, the traveling salesman problem (TSP) is to find the cheapest
tour passing through all of the cities and returning to the point of depar-
ture. We will present a survey of recent progress in algorithms for large-
scale TSP instances, including the solution of a million city instance to
within 0.09% of optimality and the exact solution a 15,112-city instance.
We will also discuss extensions of TSP techniques to other path-routing
problems, and describe the solution of the WhizzKids’96 problem in ve-
hicle routing. This talk is based on joint work with David Applegate,
Robert Bixby, Vasek Chvatal, Sanjeeb Dash and Andre Rohe.

R. Mohring and R. Raman (Eds.): ESA 2002, LNCS 2461, p. 1, 2002.
© Springer-Verlag Berlin Heidelberg 2002



Computing Shapes from Point Cloud Data

— Invited Lecture —

Tamal K. Dey

The Ohio State University
Columbus OH 43210, USA
tamaldey@cis.ohio-state.edu
http://cis.ohio-state.edu/ tamaldey

Abstract. The problem of modeling a shape from point cloud data
arises in many areas of science and engineering. Recent advances in scan-
ning technology and scientific simulations can generate sample points
from a geometric domain with ease. Perhaps the most usual sampled
domain is the boundary of a 3D object, which is a surface in 3D. Conse-
quently, the problem of surface reconstruction has been a topic of intense
research in recent years. In this talk we will present a surface reconstruc-
tion algorithm popularly known as Cocone that simplified and improved
its predecessor called Crust. We will discuss its mathematically provable
guarantees and issues related to its successful implementation.

The concepts used in Cocone have been further extended to other prob-
lems in sample based modeling. We show how these concepts can be used
to decimate a point cloud dataset while preserving the shape features.
We extend the Cocone theory and methods to detect the dimension of
a manifold from its point samples, where the manifold is embedded in
an Euclidean space. In a recent work we used the Cocone concepts to
approximate the medial axis of a smooth surface from the Voronoi dia-
gram of its point samples. We will discuss these extensions and present
our theoretical and experimental results.

R. Mohring and R. Raman (Eds.): ESA 2002, LNCS 2461, p. 2, 2002.
© Springer-Verlag Berlin Heidelberg 2002



Mechanism Design for Fun and Profit

— Invited Lecture —

Anna R. Karlin

Computer Science Department, University of Washington
karlin@cs.washington.edu

Abstract The emergence of the Internet as one of the most important
arenas for resource sharing between parties with diverse and selfish in-
terests has led to a number of fascinating and new algorithmic problems.
In these problems, one must solicit the inputs to each computation from
participants (or agents) whose goal is to manipulate the computation
to their own advantage. Until fairly recently, failure models in computer
science have not dealt the notion of selfish participants who “play by
the rules” only when it fits them. To deal with this, algorithms must be
designed so as to provide motivation to the participants to “play along”.
Recent work in this area, has drawn on ideas from game theory and
microeconomics, and specifically from the field of mechanism design. The
goal is to design protocols so that rational agents will be motivated to
adhere to the protocol. A specific focus has been on truthful mechanisms
in which selfish agents are motivated to reveal their true inputs.

In the first part of the talk, we survey recent work in the area of algorithm
mechanism design. In the second part of the talk, we focus on mechanism
design specifically geared at maximizing the profit of the mechanism de-
signer. In particular, we consider a class of dynamic pricing problems
motivated by the same computational and economic trends. We describe
a class of generalized auction problems as well as a competitive frame-
work that can be used to evaluate solutions to these problems. We present
a number of results on the design of profit-maximizing truthful general-
ized auctions. This is joint work with Amos Fiat, Andrew Goldberg and
Jason Hartline.

R. Mohring and R. Raman (Eds.): ESA 2002, LNCS 2461, p. 3, 2002.
© Springer-Verlag Berlin Heidelberg 2002



On Distance Oracles and Routing in Graphs

— Invited Lecture —

Mikkel Thorup

AT&T Labs—Research, Shannon Laboratory
180 Park Avenue, Florham Park, NJ 07932, USA
mthorup@research.att.com
http://www.research.att.com/ “mthorup

Abstract. We review two basic problems for graphs:
— Constructing a small space distance oracle that, for any pair (v, w)
of nodes, provides a quick and good estimate of the distance from v
to w.
— Distributing the distance oracle in a labeling scheme that can be
used for efficient routing.
For general graphs, near-optimal trade-offs between space and precision
are discussed. Better results for planar and bounded tree-width graphs
are also discussed.

R. Mohring and R. Raman (Eds.): ESA 2002, LNCS 2461, p. 4, 2002.
© Springer-Verlag Berlin Heidelberg 2002



Kinetic Medians and kd-Trees

Pankaj K. Agarwal!, Jie Gao?, and Leonidas J. Guibas?

! Department of Computer Science, Duke University
Durham, NC 27708, USA
pankaj@cs.duke.edu
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Abstract. We propose algorithms for maintaining two variants of kd-
trees of a set of moving points in the plane. A pseudo kd-tree allows the
number of points stored in the two children to differ by a constant fac-
tor. An overlapping kd-tree allows the bounding boxes of two children to
overlap. We show that both of them support range search operations in
O(n*/?*€) time, where ¢ only depends on the approximation precision.
As the points move, we use event-based kinetic data structures to update
the tree when necessary. Both trees undergo only a quadratic number of
events, which is optimal, and the update cost for each event is only poly-
logarithmic. To maintain the pseudo kd-tree, we develop algorithms for
computing an approximate median level of a line arrangement, which it-
self is of great interest. We show that the computation of the approximate
median level of a set of lines or line segments can be done in an online
fashion smoothly, i.e., there are no expensive updates for any events. For
practical consideration, we study the case in which there are speed-limit
restrictions or smooth trajectory requirements. The maintenance of the
pseudo kd-tree, as a consequence of the approximate median algorithm,
can also adapt to those restrictions.

1 Introduction

Motion is ubiquitous in the physical world. Several areas such as digital battle-
fields, air-traffic control, mobile communication, navigation system, geographic
information systems, call for storing moving objects into a data structure so
that various queries on them can be answered efficiently; see [22, 24] and the
references therein. The queries might relate either to the current configuration
of objects or to a configuration in the future — in the latter case, we are ask-
ing to predict the behavior based on the current information. In the last few
years there has been a flurry of activity on extending the capabilities of existing
database systems to represent moving-object databases (MOD) and on indexing
moving objects; see, e.g., [14, 21, 22]. The known data structures for answering
range queries on moving points either do not guarantee a worst-case bound on
the query time [25, 24, 19] or are too complicated [1, 15].

R. Mohring and R. Raman (Eds.): ESA 2002, LNCS 2461, pp. 5-17, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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In this paper we develop kinetic data structures for kd-trees, a widely used
data structure for answering various proximity queries in practice [10], which
can efficiently answer range queries on moving points. The kinetic data structure
framework, originally proposed by Basch et al. [5], has led to efficient algorithms
for several geometric problems involving moving objects; see [13] and references
therein. The main idea in the kinetic framework is that even though the objects
move continuously, the relevant combinatorial structure of the data structure
changes only at certain discrete times. Therefore one does not have to update
the data structure continuously. The kinetic updates are performed on the data
structure only when certain kinetic events occur; see [5, 13] for details.

Recall that a kd-tree on a set of points is a binary tree, each node v of which
is associated with a subset S, of points. The points in S, are partitioned into
two halves by a vertical or horizontal line at v and each half is associated with
a child of v. The orientation of the partition line alternates as we follow a path
down the tree. In order to develop a kinetic data structure for kd-trees, the first
step is to develop a kinetic data structure for maintaining the median of a set of
points moving on a line. In fact, this subroutine is needed for several other data
structures.

Related work. The problem of maintaining the point of rank k in a set S of
points moving on the x-axis is basically the same as computing the k-level in
the arrangement of curves; the k-level in an arrangement of z-monotone curves
is the set of edges of the arrangement that lie above exactly k curves [4]. If the
points in S are moving with fixed speed, i.e., their trajectories are lines in the
at-plane, then the result by Dey [11] implies that the point of rank k changes
O(nk'/3) times; the best-known lower bound is ne(VIogF) [23]. Only much
weaker bounds are known if the trajectories of points are polynomial curves.
Edelsbrunner and Welzl [12] developed an algorithm for computing a level in an
arrangements of lines. By combining their idea with kinetic tournaments pro-
posed by Basch et al. [6] for maintaining the maximum of a set of moving points
on a line, one can construct an efficient kinetic data structure for maintaining
the median of a set of moving points.

Since no near-linear bound is known on the complexity of a level, work has
been done on computing an approximate median level. A J-approximate median-
level is defined as a z-monotone curve that lies between (1/2—§)n- and (1/240)n-
levels. Edelsbrunner and Welzl [12] showed that a J-approximate median level
with at most [A(n)/(dn)] edges, where A(n) is the number of vertices on the
median level of the arrangement, can be computed for line arrangements. Later
Matousek [16] proposed an algorithm to obtain a d-approximate median level
with constant complexity for an arrangement of n lines. However no efficient
kinetic data structure is known for maintaining an approximate median of a set
of moving points.

Because of their simplicity, kd-trees are widely used in practice and several
variants of them have been proposed [3, 7, 17]. It is well known that a kd-tree can
answer a two-dimensional orthogonal range query in O(y/n + k) time, where k
is the number of points reported. Variants of kd-trees that support insertions
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and deletions are studied in [18, 9]. No kinetic data structures are known for
kd-trees.

Agarwal et al. [1] were the first to develop kinetic data structures for answer-
ing range-searching queries on moving points. They developed a kinetic data
structure that answers a two-dimensional range query in O(logn+ k) time using
O(nlogn/(loglogn)) space, where k is the output size. The amortized cost of
a kinetic event is O(log®n), and the total number of events is O(n2?).! They
also showed how to modify the structure in order to obtain a tradeoff between
the query bound and the number of kinetic events. Kollios et al. [15] proposed
a data structure for range searching among points moving on the z-axis, based
on partition trees [3]. The structure uses O(n) space and answers queries in
O(n'/?*¢ + k) time, for an arbitrarily small constant e > 0. Agarwal et al. [1]
extended the result to 2D. Unlike kinetic data structures, these data structures
are time oblivious, in the sense that they do not evolve over time. However all
these data structures are too complex to be used in practice.

In the database community, a number of practical methods have been pro-
posed for accessing and searching moving objects (see [25, 24, 19] and the ref-
erences therein). Many of these data structures index the trajectories of points
either directly or by mapping to higher dimensions. These approaches are not
efficient since trajectories do not cluster well. To alleviate this problem, one can
parametrize a structure such as the R-tree, which partitions the points but al-
lows the bounding boxes associated with the children of a node to overlap. To
expect good query efficiency, the areas of overlap and the areas of the bounding
boxes must be small. Although R-tree works correctly even when the overlap
areas are too large, the query performance deteriorates in this case. Kinetic data
structures based on R-tree were proposed in [24, 20] to handle range queries over
moving points. Unfortunately, these structures also do not guarantee sublinear
query time in the worst case.

Our results. Let S = {p1,...,pn} be a set of n points in R, each moving
independently. The position of a point p; at time ¢ is given by p;(t). We use
pi = U, (pi(t),t) to denote the graph of the trajectory of p; in the wzt-space.
The user is allowed to change the trajectory of a point at any time. For a given
parameter § > 0, we call a point x, not necessarily a point of S, a §-approximate
median if its rank is in the range [(1/2 — )n, (1/2 + §)n]. We first describe an
off-line algorithm that can maintain a J-approximate median of S in a total time
of O((p/(n?6%) + 1/8)nlogn), where p is the number of times two points swap
position. We then show how a J-median can be maintained on-line as the points
of S move. Our algorithm maintains a point z* on the z-axis, not necessarily
one of the input points, whose rank is in the range (1/2 + d)n. As the input
points move, z* also moves, and its trajectory depends on the motion of input
points. We show that the speed of this point is not larger than the fastest moving

! Agarwal et al. [1] actually describe their data structure in the standard two level
I/O model, in which the goal is to minimize the memory access time. Here we have
described their performance in the standard pointer-machine model.



8 Pankaj K. Agarwal et al.

point, and that our algorithm can be adapted so that the trajectory of z* is C*-
continuous for any k£ > 0.

Next, let S be a set of n points in R?, each moving independently. We wish
to maintain the kd-tree of S, so that range searching queries, i.e., given a query
rectangle R at time ¢, report |S(t) N R|, can be answered efficiently, Even if
the points in S are moving with fixed velocity, the kd-tree on S can change
©(n?) times, and there are point sets on which many of these events can cause
a dramatic change of the tree, i.e., each of them requires £2(n) time to update the
tree. We therefore propose two variants of kd-trees, each of which answers a range
query in time O(n'/2%¢ + k), for any constant € > 0, (k is the number of points
reported), processes quadratic number of events, and spends polylogarithmic
(amortized) time at each event. The first variant is called the d-pseudo kd-tree,
in which if a node has m points stored in the subtree, then each of its children
has at most (1/2 + §)m points in its subtree. In the second variant, called ¢-
overlapping kd-tree, the bounding boxes of the points stored in the subtrees of
two children of a node can overlap. However, if the subtree at a node contains m
points, then the overlapping region at that node contains at most dm points.

As the points move, both of the trees are maintained in the standard kinetic
data structure framework [5]. The correctness of the tree structure is certified
by a set of conditions, called certificates, whose failure time is precomputed and
inserted into an event queue. At each certificate failure, denoted as an event,
the KDS certification repair mechanism is invoked to repair the certificate set
and possibly the tree structure as well. In the analysis of a KDS, we assume the
points follow pseudo-algebraic motions. By this we mean that all certificates used
by the KDS can switch from TRUE to FALSE at most a constant number of times.
In some occasions, we may make stronger assumptions, like the usual scenario of
linear, constant velocity motions. For both pseudo and overlapping kd-trees, we
show that the set of certificates has linear size, that the total number of events
is quadratic, and that each event has polylogarithmic amortized update cost.
Dynamic insertion and deletion are also supported with the same update bound
as for an event.

The pseudo kd-tree data structure uses our d-approximate median algorithms
as a subroutine. Unlike pseudo kd-trees, the children of a node of an overlapping
kd-tree store equal number of points and the minimum bounding boxes of the
children can overlap. However, maintaining overlapping kd-trees is somewhat
simpler, and the analysis extends to pseudo-algebraic motion of points.

2 Maintaining the Median

2.1 Off-Line Maintenance

Matousek [16] used a level shortcutting idea to compute a polygonal line, with
complexity O(1/6%), which is a §-approximate median. Here we extend his idea
to a set S of line segments in the plane. Let © denote the number of intersection
points between the segments.
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Fig. 1. (i) Approximate median level of n lines; (ii))When points change motion plan

We divide the plane by vertical lines [;’s into strips such that there are at
most §?n2/16 intersections and at most dn/4 endpoints inside each strip. In
addition, we can assume that each strip either has exactly 6?n%/16 intersections
or exactly dn/4 endpoints, otherwise we can always enlarge the strip. The number
of strips is O(u/(n?62) + 1/§). Along each [;, we compute the median X; of the
intersections between S and [;. We connect adjacent medians. We claim that
the resulting polygonal line is a d-approximate median level. Indeed, consider
a strip bounded by [; and [;;1. We first delete the segments of S that have
at least one endpoint inside the strip. Let U C S be the set of line segments
that intersect the segment X;X;;1 and that lie above X; at [;. Similarly let
V' C S be the set of line segments that intersect X;X;;+1 and that lie below X;
at l;. |U| = u, |V| = v. Since X; and X;;1 are on the exact median level and
we have deleted at most dn/4 segments, |u — v| < dn/4. Suppose u < v <
u + on/4. The intersection of a segment in U and a segment in V must be
inside the strip (see Figure 1 (i)), therefore uv < §%n?/16, thereby implying
that u < dn/4 and v < dn/2. Consequently, X; X, 1 is intersected at most on
times, and thus it is a d-approximation of the median level between [; and ;1.
Computing the partition line [; involves computing the kth leftmost intersection
in an arrangement. This can be done in O(nlogn) time, using the slope-selection
algorithm [8]. Computing a median along a cut line costs O(n). So the total
computational cost is O((u/(n?62) + 1/5)nlogn).

Theorem 1. Let S be a set of n segments in the plane with a total of i intersec-
tion points. A §-approximate median level of S with at most O(u/(n?6%) + 1/6)
vertices can be computed in O((11/(né?) +n/8)logn) time.

2.2 On-Line Maintenance

In previous subsection we assume that we know the motion plan of the points
beforehand and compute the approximate median ahead of time. However, when
the points change their motion plan, we want to maintain the approximate me-
dian online and distribute the amount of work more uniformly over time. Assume
that the total number of motion plan changes over time is only linear in the
number of points. We will show that the approximate median can be maintained
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smoothly, with linear number of events and polylogarithmic time update cost
per event.

Consider the time-space plane. As in Theorem 1, the plane is divided by
vertical lines [/; at time ¢; into strips. We maintain the invariant that each strip
either contains at most §%n?/36 vertices or dn/3 flight plan changes. Also if
the strip contains less than dn/3 flight plan changes, then it contains at least
§2n2 /72 vertices. We approximate the median level by computing a polygonal
line X1 X5...X,, in which X lies on [;. We can see that the total number of strips
is bounded by O(1/42) since there are only linear number of flight plan changes
in total.

However, instead of computing the O(1/§%) cut lines all at one time, we
compute them one by one. We begin with computing the median on the two
leftmost cut lines I; and ls (I3 corresponds to the starting time). There are
§2n? /72 vertices between [ and lo. The approximate median then moves along
line segment X3 Xs. This preprocessing costs O(nlogn). Then we compute the
position of the cut line [;;2 and the median along l; ;o gradually, as we are
moving along X;X;11. The position of ;12 is computed such that there are
62n2/72 vertices between [;11 and l;42. So X, is our prediction of the me-
dian on /;49, assuming there is no flight plan change between ¢;11 and ¢;42. The
cost of computing ;49 and X;;o, which is a slope-selection problem, is amor-
tized over the time interval [t;, ¢;11], using the technique proposed by Agarwal
et al. [2]. In an online version, we need to accommodate the flight plan changes
in the future. If there are én/6 motion plans changes before we reach l; 11, we
start another session to compute X;;2 based on the current (changed) trajec-
tories. If we reach X1 before another dn/6 motion updates, we switch to the
segment X;11X;1o computed from the first construction. Otherwise, if we see
another dn/6 motion plan changes (i.e., a total of dn/3 changes since ;) before
we reach [; 41, then we just stop and move ;11 to the current position and X; 11
to the current position of the approximate median. The next line segment that
the approximate median needs to follow is X;11X;42, where X, o is the value
returned by the second computation (the one initiated after én/6 motion-plan
changes). Thus inside one strip, the number of intersections is at most §2n?/36,
and the number of flight plan changes is at most 6n/3. Next we prove that the
polygonal line we compute is a d-approximation of the median level.

The only problem is that if some points change their flight plans between
time ¢; and ¢;11, then X;1, which is computed before ¢;, is no longer the real
median X/, ,. See Figure 1 (ii). However, only the points between X;i; and
X,{_H can cross X;4+1X,4+2 without crossing X{HXH_Q. Since there are only at
most dn/3 flight plan changes, there are at most dn/3 points between X1
and Xj,,. Since X[ ; X;;2 is crossed by at most 26n/3 lines, X;;1X; o is still
a d-approximation.

Theorem 2. Let S be a set of n points, each moving with a constant velocity.
Suppose the flight paths of S change a total of m times. Then a d-approximate
median of S can be maintained in an online fashion so that the median moves
continuously with at most O(1/6%) flight plan changes. The total maintenance
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cost is O((n+m)logn/§?). Each flight plan change costs polylogarithmic update
time.

Remark. Finding the next cut line in Theorem 2 is based on complex algorithms
and data structures (e.g., slope selection). We can use a considerably simpler
randomized algorithm, based on the random-sampling technique, for computing
the next cut line. We omit the details from this version of the paper.

2.3 Approximate Median with Speed Limit

In many applications like mobile networks and spatial databases, the maximum
velocity of the points is restricted. We’ll show an approximate median that moves
no faster than the fastest point.

Lemma 1. The approzimate median computed above cannot move faster than
the maximum speed of the n points, if the points do not change flight plans.

Proof. Observe that the approximate median is composed of line segments con-
necting two median points X and Y at different time steps. So if there is a line [
crossing XY and going up, there must be another line I’ crossing XY and going
down. So the slope of XY is bounded by the slope of [ and I’. If XY is not
crossed by any lines, X and Y lie on the same line as they are both medians.
Hence, the approximate median moves along one of the input points between X
and Y. This proves the lemma.

If the points can change their flight plan, our scheme in Theorem 2 does not
guarantee that the approximate median moves within the limit restriction. But
we can adapt it as follows. Let X; and X/ denote the precomputed and exact
median, respectively. We let the approximate median to move toward the pre-
computed median. If we can reach there without violating the speed constraint,
then everything is fine. Otherwise, we just move toward it with the maximum
speed. Figure 2 (i) shows the second case. W.l.o.g., we assume X, is above
X/, 1. Assume the approximate median gets to the point X}’ , at time #;, 5. Since
the approximate median moves with the maximum speed, the points above X1
will stay above X/ ,. So at most dn/3 points, the ones that lie between X;

X/ X

i+2
X1,+2

i+2

/
i+1

l; liv1 liva
(i) (i)

Fig. 2. (i) Speed restricted median; (ii) Smooth medians
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and X/, can cross X;1X],, without crossing X;,, X; o. Following the argu-
ment in Theorem 2, X/, X;, 5 is crossed by at most 2dn/3 lines. So X;1X7, 5
is a 0-approximate median level. There are n/2 points below X/ | and X/, ,, re-
spectively, so the number of points between X/ , and X/, can only be less than
the number of points between X;; and X, ;. This imples that we can continue
this process for the next time interval and we obtain the following result.

Theorem 3. Let S be a set of n points, each moving with fixed velocity. We
can maintain a d-approximate median of S that preserves all the properties of
Theorem 2 and that cannot move faster than the mazximum speed of the input
points.

2.4 Smooth Medians

For a set of moving points, the approximate median we computed above, follows
a polygonal line composed of line segments. Although the approximate median
moves continuously, it may have to make sharp turns. In practice, a smooth
trajectory is preferred. A curve is said to have C* continuity if its k-th derivative
is continuous. The idea is to use Bézier interpolation on the medians along the
vertical lines, see Figure 2 (ii). We will give the theorem whose proof is omitted.

Theorem 4. Given an arrangement of n lines in the plane, we can compute a
curve with C* continuity which is a 6-approzimate median level. The curve is
determined by O(k?/5§?) control points and is computed in O(k*nlogn/§?) time.

3 Pseudo kd-Tree

Overmars [18] proposed the pseudo kd-tree as a dynamic data structure for range
searching that admits efficient insertion and deletion of points.

Definition. A §-pseudo kd-tree is defined to be a binary tree created by alter-
nately partitioning the points with vertical and horizontal lines, so that for each
node v with m points in the subtree, there are at most (1/2 + d)m points in
the subtrees rooted at the children of v. A §-pseudo kd-tree is an almost bal-
anced tree with depth logy /(14 95) . We denote by d(u) the depth of a node u.
The same analysis as for the standard kd-tree implies that a range query in a
5-pseudo kd-tree can be answered in O(n'/?*¢ 4+ k) time, k is the number of
points in the answer and & = log(; /9,522 — 1/2.

Maintaining the pseudo kd-tree. One way to maintain the pseudo kd-tree is to
maintain the input points sorted by their z- as well as y-coordinates and update
the tree when a point crosses the partition line. Maintaining the points in two
sorted lists will generate ©(n?) events. The subtree is rebuilt if the number
of points in one child exceeds fraction 1/2 + 0. Each event has an amortized
update cost of O(logn). Another way of maintaining the pseudo kd-tree is to use
the dynamic data structure proposed by Overmars [18]. However, it maintains
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a forest of kd-trees instead of a single tree. Here, we will show how to maintain
a single kd-tree with only polylogarithmic update cost per event without any
rebuilding ,assume the points move with constant velocity.

To maintain a pseudo kd-tree, we need to maintain a hierarchical partition of
the points, which always supports a §-pseudo kd-tree. Since points are inserted
into or deleted from a subtree, the trajectories of the points stored in a node
are actually line segments. Maintaining the partition line of a node involves
finding the approximate median of a set of line segments in an online fashion.
The idea for online maintenance in Section 2.2 works here as well. The difference
is, points may come in and out of the range of a node. So inside one strip the
number of intersections, endpoints of the line segments and flight plan changes
should be bounded all at the same time. The endpoints of the line segments can
be treated in the same way as the events of motion plan changes we described
before. We omit the details here and prove the following lemma and theorem
in an off-line setting. We define a §-approximate partition line of depth k to be
a d-approximate median level in the arrangement of the trajectories of points
stored in the subtree of a node at depth k. Let V¥ denote the set of nodes at
depth k.

Lemma 2. There exists a set of 6-approximate partition lines of V* with total
complexity O(k/(6a*)?), and it can be computed in O((knlogn)/(6a*)?) time,
where v = 1/2 — 0.

Proof. A key observation is that the combination of the trajectories of all the
points in Vj, is the arrangement of n lines. So the total number of intersections of
the segments in Vj, is bounded by O(n?). Assume a node of depth k has nj, points
associated with it. Since the child of a node with m points has at least (1/2—4d)m
points, we have ni > na® where a = 1/2— 4. Let si be the total number of line
segments in V¥, and let ¢ be the total complexity of the §-approximate partition
lines for V*. By Theorem 1, we have that ¢, = O((n/(6n))? + si/(6nk)). When
a point crosses the partition line at a node of depth k, it ends the trajectory in
the old child and begins a trajectory in the new child. Therefore we have si11 =
2k, % dng = O(n?/(6nk)) + 2s;. By induction, we get s, = O(kn/(5a*)), cx =
O(k/(6%a2F)). The running time is bounded in the same way as in Theorem 1.

An event happens when a point crosses a partition line. Updating the
pseudo tree involves moving a point from one subtree to the other, which costs
logy (14+25) n- The number of events of depth £ is bounded by sji1/2. So the
total number of events is O((n?/4) 10g5/(1426) ). In summary, we have

Theorem 5. For a set of n moving points on the plane, each moving with a
constant velocity, we can find a moving hierarchical partition of the plane which
supports a d-pseudo kd-tree at any time. The number of events in the kinetic
data structure is O((n?/6) 10g5/(1425) M) in total. Update cost for each event is

O(logy/(1426) 1)-
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4 Overlapping kd-Tree

In the second variant of the kd-tree, the bounding boxes associated with the
children of a node can overlap.

Definition. Assume S(v) is the set of points stored in the subtree of a node v,
B(v) is the minimum bounding box of S(v), and d(v) is the depth of v. Define
o(w) = B(u) N B(v) to be the overlapping region of two children v and v of
node w. A d-overlapping kd-tree is a perfectly balanced tree so that for each
node w with m points in the subtree, there can be at most dm points in the
overlapping region o(w), 0 < § < 1. The overlapping kd-tree has linear size and
depth O(logn). We call a node x-partitioned (y-partitioned) if it is partitioned
by a vertical (resp. horizontal) line. An orthogonal range query can be answered
in the same way as in the standard kd-tree.

Lemma 3. Let £ be a wvertical (or horizontal) line, and let v, w be two z-
partitioned (y-partitioned) nodes of a d-overlapping kd-tree such that w is a de-
scendant of v. If ¢ intersects both o(v) and o(w), then d(w) > d(v) + log, 7,
where v = (1 —2§)/(29).

Theorem 6. A range query in a Jd-overlapping kd-tree can be answered in
O(n'/?*e + k) time, where ¢ = log, 2, v = (1 —26)/(20), k is the number of
points reported.

Proof. As for the standard kd-tree, it suffices to bound the number of nodes
whose bounding boxes intersect a vertical line £. Let v be a z-partitioned node
at depth k, and let n, be the points stored in the subtree rooted at v. The
query procedure visits both children and thus all four grandchildren of v only
if £ intersects o(v). Otherwise, ¢ intersects at most two grandchildren of v. The
granchildren of v are also z-partitioned. By Lemma 3, ¢ does not intersect o(w)
for any descendent w of v at depth less than k + log,v. An easy calculation
shows that ¢ intersects at most 8,/7 nodes of depth at most k + log, v and at
most 2,/7 nodes of depth k +logy 7. On the other hand, any descendent of v at
depth k+log, v has at most n, /v points. Let C(n,) denote the number of nodes
intersected by ¢ in the subtree rooted at a x-partitioned node that contains at
most n, points. Then we obtain the following recurrence

C(ny) < 2ﬁC(nv/7) + Sﬁ
whose solution is C(n,) = O(nll)/2+5), where € = log, 2.

Maintaining the overlapping kd-tree. Maintaining the d-overlapping kd-tree
mainly involves tracking the number of points in the overlapping region. Con-
sider the root of the kd-tree, assume n points are divided into n/2 red points and
n/2 blue points by a vertical line at the beginning. W.l.o.g, assume red points
have bigger coordinates. Consider the time-space plane, the goal is to track the
depth of the lower(upper) envelope of red(blue) curves in the arrangement of
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blue(red) curves. An event happens when those two numbers add up to dn. So
at least dn/2 points in the overlapping region have the same color, suppose they
are red. Then the highest blue point must be above at least én/2 red points. We
define a red-blue inversion to be the intersection of a red curve and a blue curve.
So there must be at least £2(0n) red-blue inversions since the last recoloring. The
number of recoloring events in the root of the kd-tree is bounded by O(n/d), if
the points follow pseudo-algebraic motion.

Since the combination of the trajectories of all the points in nodes of depth &
becomes the arrangement of the trajectories of n points, the total number of
recoloring events in depth k is bounded by O(n2"*/§), using the same argu-
ment as above. When an event happens at depth k, we rebuild the subtree,
which costs O(nlogn/2%). So the total update cost sumed up over all events is
O(n%logn/d). The amortized cost for one event is therefore O(logn). Putting
everything together, we obtain the following.

Theorem 7. Let S be a set of n points moving in the plane, and let 6 > 0
be a constant. We can maintain a §-overlapping kd-tree by spending O(logn)
amortized time at each event. Under pseudo-algebraic motion of S, the number
of events is O(n?/9).
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Abstract. Range searching, a fundamental problem in numerous appli-
cations areas, has been widely studied in computational geometry and
spatial databases. Given a set of geometric objects, a typical range query
asks for reporting all the objects that intersect a query object. However
in many applications, including databases and network routing, input
objects are partitioned into categories and a query asks for reporting the
set of categories of objects that intersect a query object. Moreover in
many such applications, objects lie on a grid. We abstract the category
of an object by associating a color with each object. In this paper, we
present efficient data structures for solving the colored range-searching
and colored point-enclosure problem on U x U grid. Our data struc-
tures use near- linear space and answer a query in O(loglog U + k) time,
where k is the output size. As far as we know, this is the first result on
colored range-searching for objects lying on a grid.

1 Introduction

We are given a set of geometric objects — points, lines, polygons — to preprocess.
Given a query object, the range searching problem is to return the intersec-
tion of the query with the given set of objects. In the past few decades, range
searching has been extensively studied. See [I, 16] for recent surveys. The fas-
cination with range searching is because it has myriad applications in areas of
database retrieval, computer aided design/manufacturing, graphics, geographic
information systems, etc. Specifically, range querying is exceedingly common in
database systems (Who are the students with GPAs greater than 3.87 Name the
customers whose age is in [20 — 40] and whose income is in greater than 100%7?).
Every commercial database system in the market has optimized data structures

* Research by the first two authors is supported by NSF under grants CCR-00-86013
EIA-98-70724, EIA-01-31905, and CCR-97-32787, and by a grant from the U.S.—-
Israel Binational Science Foundation. Part of this work was done when the second
author was visiting the third author at DIMACS.

R. Mohring and R. Raman (Eds.): ESA 2002, LNCS 2461, pp. 17-28, 2002.
© Springer-Verlag Berlin Heidelberg 2002



18 Pankaj K. Agarwal et al.

for solving various range searching problems. Thus, range searching data struc-
tures remain one of the few data structures that actually get used in practice at
commercial scale.

In this paper, we study an extension to the basic range searching problem.
Our motivation arose from database applications where we observed that range
searching amid objects are common, but what was highly prevalent was range
searching in which the objects have categories and the query often calls for
determining the (distinct) list of categories on the objects that intersected the
query object. Here are two examples:

(i) A canonical example is an analyst who is interested in “What are the sectors
(telecom, biotech, automobile, oil, energy, ..) that had 5 — 10% increase in
their stock value?”. Here each stock has a category that is the industry sector
it belongs to, and we consider a range of percentage increase in the stock
value. We are required to report all the distinct sectors that have had one or
more of their stocks in desired range of growth, and not the specific stocks
themselves. This is one-dimensional range searching in categorical data.’

(ii) As another example, consider a database of IP packets sent through an
Internet router over time. IP packets have addresses, and organizations get
assigned a contiguous range of IP addresses that are called subnets (eg., all
hosts within Rutgers Univ, all hosts within uunet, are distinct examples of
subnets, and all IP addressed within a subnet share a long common prefix).
An analyst of the IP traffic may ask “Between time 10 AM and 11 AM
today, which are the subnets to which traffic went from uunet through the
given router?”. Here the uunet specifies a range of IP addresses and time
specifies an orthogonal range, and each IP packet that falls within the cross-
product of these two ranges falls into a category based on the subnet of the
destination of the packet. This is an example of a two-dimensional range
searching in categorical data.

Thus range searching (in all dimensions) in categorical data is highly prevalent
in database queries. Range searching in categorical data also arises in document
retrieval problems [15] and in indexing multidimensional strings [11].

The range-searching problem in categorical data, as they arise in database
applications, have the following common characteristics. First, the points (and
endpoints of objects) are on a grid (eg., IP addresses are 32 bit integers and
time, stock prices etc. are typically rounded). Second, while it is important to
optimize the preprocessing time and space, query time is very critical. In data
analysis applications, response time to a query must be highly optimized. Third,
often the number of categories is very large (for example, in the router traffic
example above, the number of subnets is in thousands). Finally, the dataset
may be clustered along one of the dimensions or in a category, and hence, an
efficient algorithm cannot afford to retrieve all points in the given range and

! Flip Korn of AT&T Research clarified that in classical database language, this may
be thought of as GROUP BY based on the category of the stock following a range
SELECT. Therefore, this is of fundamental interest in databases.
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search through them to find the distinct categories they belong to; the output
set may be far smaller than the set of all points in the range. In other words, the
naive algorithm of doing a classical range query first and followed by selecting
distinct categories form the answer set will be inefficient.

In this paper, we study two very basic problems in range searching in cat-
egorical data, keeping the above characteristics in mind. The points (and end
points of rectangles) come from an integer grid. We study the range-searching
and point-enclosure problems. We present highly efficient algorithms for both
problems, in particular, the query time is O(loglog U) where U is the grid size.

1.1 Problems

In abstraction, the problems of our interest are as follows. The notion of the
category associated with an object is abstracted as the color associated with it.

1. Colored range searching. We are given P, a set of n colored points in [0, U]?,
for preprocessing. Given a query rectangle ¢ whose endpoints lie on the grid
[0, U]?, the problem is to output the set of distinct colors of points contained
in q.

2. Colored point enclosure problem. We are given P, a set of n colored rectangles
whose endpoints lie on the grid [0, U]?, for preprocessing. Given a query point
q = [q1, g2], where ¢1, g2 € [0, U], the problem is to output the set of distinct
colors of rectangles that contain q.

The problems above are stated in two dimensions, and for most part of the
paper, we focus on the two dimensional case. However, our approach gives best-
known bounds for higher dimensional cases as well, and they are detailed in Sec-
tion 4.

Typically, the data structure results on the grid are interpreted under the
assumption that U is polynomial in n. In our problem, U is indeed polynomial
in n since the input is static and we can renumber the points and corners into
an integer set of size 1...0(n); any query point will first get mapped into the
O(n) range using a predecessor query (this is a standard trick, taking time
O(loglogU)) and then the query processing begins. As a result U = O(n),
provided we are willing to have O(loglog U) additive term in the preprocessing
of the query. We refer to this technique as input mapping in the rest of the
discussion.

1.2 Our Results

We present data structures for both problems that are highly optimized for query
processing.

Colored range searching. We construct an O(n log? U) sized data structure that
answers colored range searching queries in O(loglog U + k) time, where k is the
output size.
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Previously known result for this problem did not use the grid properties
and produced a data structure that uses O(nlog? n) size and answers a query
in O(logn + k) time [14, 13]. Previous algorithms that work on the grid only
studied the classical range searching problem and produced a O(nlog®n) size
data structure with O(loglogU + k) query time [3]; the query time of such
a data structure for colored range searching can be arbitrarily bad.

Colored point enclosure. For any integer parameter ¢, we can construct a
O(nt? logﬁ U)-size data structure that can answer a colored point enclosure
queries in O(klog, U) time, where k is the output size.

We can obtain a space-time tradeoff for our data structure by choosing ap-
propriate values for £. For example, setting { = U and using the input mapping,
we get a data structure of O(n'*)-size that can answer colored point enclosure
queries in O(k + loglog U) time where k is the output size. Most of the previous
results make an additional assumption that U = O(n®) for some constant c. If we
make this assumption, the query time reduces to O(k). Note that the loglog U
term in the query is due to input mapping, which is not required if U = O(n¢).
This result, surprisingly, matches the best known bound for what appears to be
a simpler problem of point enclosure problem on the grid without considering
the colors, i.e., the standard point enclosure problem [10]. Other previous re-
sults for the colored point enclosure problem do not assume an underlying grid
and produce a data structure that uses O(nlogn) space and answers queries in
O(logn + k) time [13].

1.3 Technical Overview of Our Results

We use contrasting techniques to obtain the two results.

For the range searching problem, best-known results typically use recursive
divide and conquer on one dimension after another [4, 5, 6]. We start with a one
dimensional result. There are at least three known solutions [14, 13, 15] for the
colored range searching problem in one dimension. We use their intuition but
present yet another solution which, in contrast to the others, we are able to make
dynamic as well as persistent. Then we use a sweep-line approach to obtain our
result in 2D (rather than the recursive divide and conquer).

For the point-enclosure problem, the previously known approach [10] relies
on building a one dimensional data structure using exponential trees and then
extending it to two dimensions by dynamizing and making it persistent. We build
the desired one dimensional data structure efficiently for colored point enclosure
(this may be of independent interest), but then generalize it to two dimensions
directly to obtain two-dimensional exponential trees. This gives us our bound
for the colored point enclosure problem.

In Section 2, we present our results for colored range searching in two dimen-
sions. In Section 3, we present our results for colored point enclosure in two
dimensions. In Section 4, we present extensions to higher dimensions.
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2 Colored Range Searching in 2D

In this section, we describe a data structure to solve the colored range-searching
problem on U x U grid. In Section 2.1, we present a structure to answer the 1-
dimensional colored range query. In Section 2.2 we extend the data structure to
answer two dimensional colored range queries. The main idea of the extension is
as follows. We make the 1-dimensional structure partially persistent and use the
sweep-line paradigm to answer three-sided queries. We then extend this structure
to answer four-sided range queries.

2.1 Colored Range Searching in 1D

Let P be a set of n colored points in [0,U]. Let C denote the set of distinct
colors in the point set P. We first solve the colored range-searching problem for
the special case of semi-infinite query ¢ i.e, ¢ = [g1, 00]. For each color ¢ € C, we
pick the point p. € P with color ¢ having the maximum value. Let P™** denote
the set of all such points. Let L be the linked list of points in P™*  sorted in
non-increasing order. We can answer the colored range query by walking along
the linked list L until we reach the value ¢; and report the colors of the points
encountered. It can be shown that there exists a point [ € P of color ¢ in interval ¢
if and only if there exists a unique point m € P™* of color ¢ in interval q. We
can solve the other case, i.e, ¢ = [—00, ¢2] in a similar manner.

We now build a data structure to answer a general colored range query q =
[¢1,¢2]. The data structure is a trie 7' [2] built on the values of points p € P.
For each node v € T, let P, denote the set of points contained in the subtree
of T rooted at v. At each internal node v, we store a secondary structure, which
consists of two semi-infinite query data structures L, and R, corresponding to
the queries [g, 00] and [—o0, g]. Note that the structures as described above are
sorted linked lists on max/min coordinates of each color in P**® and P™™. For
each non-root node v € T, let B(v) = 0 if v is a left child of its parent and
B(v) = 1 if v is a right child of its parent. To efficiently search in the trie T,
we adopt the hash table approach of Overmars [17]. We assign an index I,
called node index, for each non-root node v € T. I, is an integer whose bit
representation corresponds to the concatenation of B(w)’s, where w is in the
path from root to v in T". Define the level of a node v as the length of the path
from the root to v in T'. We build a static hash table H; on the indices I, of all
nodes v at level i, 1 <1i <logU [12]. We store the pointer to node v € T along
with I, in the hash table. The hash tables H; uses linear space and provides
O(1) worst case lookup. The number of nodes in the trie 7" is O(nlogU). Since
each point p € P might be stored at most once at each level in the lists R,, L,,
and the height of the trie T is O(log U), the total size of the secondary structure
is O(nlogU). Thus the size of the entire data structure is O(nlogU).

The trie T' can be efficiently constructed level by level in a top down fashion.
Initially, we sort the point set P to get the sorted list of Pr..:. Let us suppose
we have constructed the secondary structures at level ¢+ — 1. Let z be a node
at level 7 and let v and w be the children of z in T'. We partition the sorted
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list of points in P, into sorted list of points in P, and P,. We then construct
in O(|P,|) time the lists L, and R, at node v by scanning P, once. We then
construct the hash table H; on indices I, for all nodes v in level i. The total
time spent in level ¢ is O(n). Hence the overall time for constructing the data
structure is O(nlogn +nlogU) = O(nlogU).

Let [q1, 2] be the query interval. Let z1(resp. z2) be the leaf of T' to which
the search path for g (resp. ¢2) leads. We compute the least common ancestor v
of z; and 29 in O(loglog U) time by doing a binary search on the height of the
trie [17]. Let w and z be the left and right child of v. All the points p € [q1, ¢2]
are contained in P, or P,. Hence we perform the query [q1,¢2] on P, and P,.
Since all points in P, have value < g5 the queries [q1, ¢2] and [¢1, oc] on P, gives
the same answer. Similarly, queries [g1, ¢2] and [—o00, ¢2] on P, gives the same
answer. Thus we perform two semi-infinite queries [¢1, 00] and [—o0,g2] on P,
and P, respectively, and the final output is the union of the output of the two
semi-infinite queries. Each color in the output list is reported at most twice.

Theorem 1. Let P be a set of n colored points in [0,U]. We can construct
in O(nlogU) time, a data structure of size O(nlogU) so that a colored range
searching query can be answered in O(loglogU + k) time, where k is the output
size.

Remark. The previous best-known result for 1-dimensional colored range query
uses O(n) space and O(loglogU + k) query time [15]. Their solution relies on
Cartesian trees and Least Common Ancestors(LCA) structures. While Least
Common Ancestor structures can be dynamized [7], it remains a challenge to
make the Cartesian trees dynamic and persistent. In contrast, our 1-dimensional
structure above can be made dynamic and persistent and hence can be extended
to 2-dimensions using the sweep-line paradigm, as we show next.

2.2 Colored Range Searching in 2D

We first consider the case when the query is 3-sided i.e., ¢ = [x1, z2] X [—00, y2].
Let M denote the 1D data structure described in the previous section. Our ap-
proach is to make M dynamic and partially persistent. Then we use the standard
sweep-line approach to construct a partially persistent extension of M so that
a 3-sided range query can be answered efficiently.

First we describe how to dynamize M. Note that M consists of the trie T’
with secondary structure L,, R, at each node v of T" and static hash tables H;
on node indices I, for all nodes v on a given level i. We use the dynamic hash
table of Dietzfelbinger et al [3] instead of the static hash table H; used in the
1D structure. We maintain for each node v, a static hash table H, on the colors
of points in P,. We also maintain a balanced binary search tree T'L, (resp. T'R,)
on L, (resp. R,).

To insert a point p with color ¢, we insert p in the trie 7. We also may have
to insert p in the secondary structures L,, R, for all nodes v in the root to leaf
search path of p in 7. We insert p in L, (resp. R,) if P (resp. P™") has
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no points with color ¢, or if the value of p is greater (resp. less) than the value
of point with color ¢ in P™%* (resp. P™"). We can check the above condition
using H,. If the condition is satisfied, we insert p into L,(resp. R,) in O(logn)
time using the binary search tree T'L, (resp. TR,). Finally if a new trie node v
is created while inserting p into T', we insert the index I, into the appropriate
hash table H;. Since we might insert p in all the nodes in the root-leaf path of p
in T, the insert operation costs O(lognlogU) time. We do not require to delete
points from M since the sweep-line paradigm would only insert points.
We now describe how to make the above structure partially persistent:

(i) The trie structure is made persistent by using the node copying tech-
nique [9] (creating copies of nodes along the search path of p). We number
the copies of node v by integers 1 through n. Let ¢,, denote this copy number
of node wv.

(ii) We make the lists L,, and R, persistent across various versions of v using [9].

(iii) We make the hash table H;, corresponding to each level i of the trie T,
persistent by indexing each node v using the static index I, and the copy
number ¢, of node v, i.e., new index I/ is bit concatenation of I, and c¢,.

The color hash table H, and the binary search trees T'L,, TR, need not be
made persistent since they are not used by the query procedure.

We perform a sweep-line in the (4y)-direction. Initially the sweep-line is at
y = —oo and our data structure D is empty. Whenever the sweep line encounters
a point in P, we insert p in D using the persistent scheme described earlier. When
the sweep line reaches y = oo, we have the required persistent structure D. Note
that D consists of D;;1 < i < n, the different versions of the dynamic 1D
structure got by inserting points in the sweep-line process. We also build a Van
Embe Boas tree 7 [18] on the y-coordinates of P.

The node-copying technique [9], used to make the trie 7' and the lists L,,, R,
persistent, only introduces a constant space and query time overhead. Thus, the
space used by our persistent data structure D is still O(nlogU) and the query
time to perform a 1D colored range-searching query on any given version D;
of D is O(k) where k is the output size.

Let [z, x2] X [—00, y] be a three sided query. We perform a predecessor query
on y using the Van Embe Boas tree 7 to locate the correct version of the persis-
tent structure. This version contains only those points of P whose y-coordinates
are at most y, so we perform a 1-dimensional query on this version with the in-
terval [x1, x2], as described in Section 2.1. We locate the splitting node v of 21, 22
using the hash tables H; and then walk along the correct version of the secondary
structure, i.e. lists L,, R,. The predecessor query can be done in O(loglogU)
time and we can perform the 1D query in O(loglogU + k) time where k is the
number of distinct colors of points contained in the query.

Theorem 2. Let P be a set of n colored points in [0,U]?. We can construct
a data structure of size O(nlogU) in O(nlognlogU) time so that we can answer
a 3-sided colored range-searching query in O(loglogU + k) time, where k is the
output size.
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We now extend the 3-sided query structure to answer a general 4-sided query.
The approach is exactly the same as the one in Section 2.1 where we extended
a semi-infinite query structure to a 1D query structure. We build a trie T
on y-coordinates of P. At each node v, we store two secondary structures U,
and W,, which are the 3-sided query structures for point set P,, built as de-
scribed above. U, corresponds to the 3-sided query ¢ = [x1, 23] X [y, oo] and W,
corresponds to the 3-sided query g = [x1, 23] X [—00,y]. We also build a hash
table H; for all nodes v of a given level i of the trie T'.

The query process is also similar to the 1-dimensional query. We locate the
splitting node v in the search path of y; and yo using the hash table H; in
constant time. Let w and z be the left and right son of v respectively. We then
perform two 3-sided queries ¢ = [z1,22] X [y1,00] and g = [x1,22] X [—00, Y2]
on secondary structures U,, and W, respectively. The final output is the union
of the output of the semi-infinite queries. Each color is reported at most four
times, at most twice in each 3-sided query.

Theorem 3. Let P be a set of n colored points in [0,U]?. We can construct
a data structure of size O(nlog?U) in O(nlognlog®U) time so that we can
answer a 4-sided colored range-searching query in O(loglogU + k) time, where k
s the output size.

3 Colored Point Enclosure in 2D

In this section, we describe a data structure to solve the colored point-enclosure
problem in 2D. We first describe a data structure to solve the problem in 1D.
Then we extend this data structure to answer two dimensional colored point-
enclosure queries.

The 1D structure. Let P be a set of n colored intervals whose endpoints lie on
[0, U]. Fix a parameter ¢ > 0. Starting with the interval I = [0, U], we recursively
partition I into ¢ equal sized intervals. The recursion stops when an interval I
contains no endpoints of intervals in P. Let T" be the tree that corresponds to
this recursive divide and let I,, denote the interval corresponding to a node v
in T. Let p(v) denote the parent of v in T. There are at most 2nl leaves in 7.

We call an interval p € P short at a node v if (at least) one of the endpoints
of p lies inside I,,. We call p long at v if I, C p. At each node v € T, we store C,
the set of distinct colors of intervals of P that are long at v but short at p(v).
Since any interval p € P is short for at most two nodes (nodes v where interval I,
contains the endpoints of p) of any given level, the color of p is stored in at most
2( nodes of any given level. Thus,

Z |Cy| < 2nllog, U.
veT
Hence, T requires O(nflog, U) space. We can adapt the above recursive par-
titioning scheme so that we can compute short and long intervals and the set C,
in O(nf) time at each level. Hence, T can be constructed in O(nflog, U) time.



Range Searching in Categorical Data: Colored Range Searching on Grid 25

Let g be a query point. The query procedure searches for ¢ and visits all
nodes v in T in the root-leaf search path of ¢ in T'. At each node, we report all
the colors in C,,. Each color can be reported once in each level. Hence, the query
time is O(klog, U), where k is the output size.

We improve the query time to O(log, U + k) using a simple technique. After
we build the data structure as described above, we traverse every root-leaf path
in T starting from the root and perform the following operation. Let vy, v1, . . . vy
be any root to leaf path in T. Starting with ¢ = 1, we recursively calculate
Gy, = Cy, \ Oy, for 1 <i < m. We store C;, at v. By definition, C}, N C; =
0,1 < 14,5 < m,i # j. This implies that each color is present in at most one
list C! in any root to leaf path of 7. The above operation can be efficiently
performed by traversing 7' in a top-down fashion level by level. The query time
thus reduces to O(log, U + k), where k is the output size.

Theorem 4. Let P be a set of n colored intervals whose endpoints lie in [0,U].
We can construct a O(nllog, U) sized data structure in O(nflog, U) time so that
a colored point-enclosure query can be answered in O(log, U + k) time where k
s the output size.

The 2D structure. We now extend the 1D structure to 2D. Let P be a set of n col-
ored rectangles whose endpoints lie on a U x U grid. The data structure is similar
to a multi-resolution structure like quad-tree. Starting with the square [0, U]?,
we recursively divide the current square into ¢? equal-sized squares, where ¢ is
a parameter. The recursion stops when a square does not contain any endpoints
of the input rectangles. Let T" be the tree denoting this recursive partition, and
let the square S, correspond to the node v in T. Some of the notation used in
the description of the 1D structure will be redefined below.

We call a rectangle r long at v if S, C r; we call r short if at least one vertex
of r lies in S,; we say that r straddles v if an edge of r intersects S, but r is
not short at v. Figure 1 illustrates the above cases. If r straddles v, then either
a horizontal edge or a vertical edge of r intersects S, but not both.

For each node v, let C,, denote the set of distinct colors of rectangles that are
long at v but short at p(v). Let X, denote the set of rectangles that straddle v
and are short at p(v). Set x, = |Cy| and m,, = | X,|. If a rectangle r is short at v,
its color could be stored in all children of v, but it straddles at most 4¢ children
of v. Since a rectangle is short for at most four nodes of any given level,

Z Xo = O(nf?log, U) and Z my = O(nllog, U).
veT veT
We store C, at v. We also store at v, two 1D point-enclosure data struc-
tures T:,TJ)| as its secondary structures. Let X, (resp. El) denote the set of
rectangles in X, whose horizontal (resp. vertical) edges intersect S,,. For a rect-

angle r € S, let v (resp. r”) denote the a-projection (resp. y-projection) of
7N S,. See Figure 1 (iii). Let Z, = {r | r € ¥, } and IJ)I = {T” | r e Eﬂ}
T, (resp. TJ) is the 1D point-enclosure data structure on the set of intervals 7,
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i |

(i (i) (i)
Fig.1. (i) r long at v; (ii) r short at v; (iii) r straddles v

(resp. Il‘,‘) By Theorem 4, T, , qu)l require O(m, ¢ log, U) space. Hence, T requires
O(nf?log? U) space. T can be constructed in O(nf?log? U) time in a top-down
manner.

Let ¢ = (¢z,qy) € [0, U)? be a query point. The query procedure searches
for ¢ in T" and visits all nodes v in T' in the root-leaf search path of ¢ in T". At
each node, we report all the colors in the list C,,. For a rectangle r € X, ¢ € r if

and only if ¢, € 7 . Similarly for r € Eﬂ, q € r if and only if ¢, € r'. Therefore

we query the 1D structures 7), and TJ}I with ¢, and g, respectively. The query
time for the 1D structure is O(log, U + k), where k is the number of distinct
colors of intervals containing the query point p. Since we make exactly two 1D
queries at each level and each color can be duplicated once in each level of T,
the total query time is O(klog, U), where k is the number of distinct colors of
rectangles containing the query point q.

Theorem 5. Let P be a set of n colored rectangles whose endpoints lie in [0, U]?.
We can construct a O(nf?log? U) sized data structure in O(nt?logi U) time so
that a colored point-enclosure query can be answered in O(klog, U) time where k
s the output size.

Setting ¢ = U€ and using input mapping, we get

Theorem 6. Let P be a set of n colored rectangles whose endpoints lie on the
grid [0,U]?. We can construct a O(n**€) sized data structure in O(n't€) time
so that a colored point-enclosure query can be answered in O(loglogU + k) time
where k is the output size.

Note that if we make the assumption that U = O(n®), we can remove the
input mapping and thus the above query time gets reduced to O(k), where k is
the output size.

4 Extensions

We show how to extend our solutions to higher dimensions. We will first sketch
how to extend our two dimensional colored point-enclosure data structure to
higher dimensions. Using this, we construct a data structure to solve the colored
range searching problem in higher dimensions as well.



Range Searching in Categorical Data: Colored Range Searching on Grid 27

Colored point enclosure in higher dimensions. We show how to extend the above
data structure to answer point-enclosure in d-dimensions. Let P be a set of n
colored hyper-rectangles whose endpoints lie on the grid [0, U]?. We construct
a tree T using a recursive partitioning scheme. At each node v of T', we define
long and short hyper-rectangles and hyper-rectangles that straddle at v. For each
node v, let C, denote the set of distinct colors of rectangles that are long at v
but short at p(v). At v, we store C,, and a family of (d — 1)-dimensional point-
enclosure structures as secondary structure. The query process is similar to the
2D case. We omit the details of the structure for lack of space. Using the same
analysis as in Section 3, we can show that the space used by the data structure
is O(ntd logg U) and the query time is O(k 10g?71 U), where k is the output
size. This gives us an analogous result as in Theorem 5, for any dimension d. In
particular, for a fixed d, setting ¢ = U€ and using input mapping, we obtain the
following.

Theorem 7. Let P be a set of n colored hyper-rectangles whose endpoints lie
on the grid [0,U]%, for a fived d. We can construct a O(n'*¢) size data struc-
ture in O(n'+€) time so that a colored point-enclosure query can be answered in
O(loglogU + k) time, where k is the the output size.

Note that we can reduce the above query time to O(k) by removing the input
mapping, if we make an assumption that U = O(n°) for some constant c.

Colored range searching in higher dimensions. Our approach is to first solve the
more general colored rectangle intersection problem in higher dimensions, which
is defined as follows. We wish to preprocess a set P of n hyper-rectangles, whose
endpoints lie in [0, U]%, into a data structure so that we can report the list of
distinct colors of hyper-rectangles in P that intersect a query hyper-rectangle r.
We present a simple reduction between the rectangle-intersection problem in d
dimensions and the point-enclosure problem in (2d)- dimensions.

Let the hyper-rectangle r be represented as |11, z12] X -+ X [241, Za2]. We
map r to a hyper-rectangle r’ in (2d)- dimensions given by [—oo, x12] X [211, 00] X
<+ X [=00, 4] X [41, 00]. The query hyper-rectangle ¢ = [y11, y12] X+ - X [yd1, Yd2]
is mapped to a (2d)- dimensional point ¢' = (y11,y12,- -, Yd1,Ya2). 1t is easy
to see that a hyper-rectangle r intersects a hyper-rectangle ¢ iff the hyper-
rectangle r’ contains the point ¢’. This observation gives us a reduction between
rectangle-intersection problem and point-enclosure problem. Applying the re-
duction and using Theorem 7, we obtain the following.

Theorem 8. Let P be a set of n colored hyper-rectangles whose endpoints lie on
the grid [0, U]%. We can construct a O(n'**) sized data structure in O(n'*¢) time
so that a colored rectangle-intersection query can be answered in O(loglog U + k)
time, where k is the output size

The colored rectangle-intersection problem reduces to a colored range-search-
ing problem when the input hyper-rectangles are points. Hence we get analogous
results as Theorem 8 for colored range-searching in higher dimensions too. Note
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that in 2D, we can answer a colored range query in O(loglogU + k) time using
a O(nlog? U) size data structure, as described in Section 2.
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Abstract. We consider the problem of approximating a polygonal curve
P under a given error criterion by another polygonal curve P’ whose ver-
tices are a subset of the vertices of P. The goal is to minimize the number
of vertices of P’ while ensuring that the error between P’ and P is below
a certain threshold. We consider two fundamentally different error mea-
sures — Hausdorff and Fréchet error measures. For both error criteria,
we present near-linear time approximation algorithms that, given a pa-
rameter € > 0, compute a simplified polygonal curve P’ whose error is
less than e and size at most the size of an optimal simplified polygonal
curve with error £/2. We consider monotone curves in the case of Haus-
dorff error measure and arbitrary curves for the Fréchet error measure.
We present experimental results demonstrating that our algorithms are
simple and fast, and produce close to optimal simplifications in practice.

1 Introduction

Given a polygonal curve, the curve simplification problem is to compute an-
other polygonal curve that approximates the original curve, according to some
predefined error criterion, and whose complexity is as small as possible. Curve
simplification has useful applications in various fields, including geographic in-
formation systems (GIS), computer vision, graphics, image processing, and data
compression. The massive amounts of data available from various sources make
efficient processing of this data a challenging task. One of the major applications
of this data is for cartographic purposes, where the information has to be visu-
alized and presented as a simple and easily readable map. Since the information
is too dense, the maps are usually simplified. To this end, curve simplification
is used to simplify the representation of rivers, roads, coastlines, and other fea-
tures when a map at large scale is produced. There are many advantages of the
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simplification process, such as removing unnecessary cluttering due to excessive
detail, saving disk and memory space, and reducing the rendering time.

1.1 Problem Definition

Let P = (p1,...,pn) denote a polygonal curve in R? or R3, where n is the size
of P. A curve P in R? is z-monotone if the z-coordinates of p; are increasing.
A curve P € R? is zy-monotone if both the 2-coordinates and y-coordinates of p;
are increasing. A curve is monotone if there exists a coordinate system for which
it is z-monotone (or zy-monotone). A polygonal curve P’ = (p;,,...,p;,) € P
simplifies P if 1 =11 < --- < =n.

Let d(-,-) denote a distance function between points. In this paper we
use L1, Lo, Lo, and uniform metrics to measure the distance between two points.
Uniform metric is defined in R? as follows: For two points a = (ag,ay),b =
(bz,by) in R?, d(a,b) is |ay, — by| if a; = b, and oo otherwise. The distance
between a point p and a segment e is defined as d(p, e) = minge. d(p, q).

Let das(pip;, P) denote the error of a segment p;p; under error measure M. M
can be either Hausdorff (H) or Fréchet (F) error measure and will be defined
formally in Section 1.3. The error of simplification P’ = (p;,,...,p;,) of P is
defined as

onm(P',P) = max, Sp1 (pi; Pijr» P)-

Call P’ an e-simplification of P if §p;(P’, P) < e. The curve-simplification prob-
lem is to compute the smallest size e-simplification of P, with its size denoted as
ka (e, P). da(e, P) and kp(e, P) will be denoted as dar(e) and xar(e) respec-
tively when P is clear from the context.

If we remove the constraint that the vertices of P’ are a subset of the vertices
of P, then P’ is called a weak e-simplification of P.

1.2 Previous Results

The problem of approximating a polygonal curve has been studied extensively
during the last two decades, both for computing an e-simplification and a weak
e-simplification (see [Wei97] for a survey). Imai and Iri [[188] formulated this
simplification problem as computing a shortest path between two nodes in a di-
rected acyclic graph. Under the Hausdorff measure with uniform metric, their
algorithm runs in O(n?logn) time. Chin and Chan [C'C92], and Melkman and
O’Rourke [MOS88] improve the running time of their algorithm to quadratic or
near quadratic. Agarwal and Varadarajan [AV00] improve the running time to
O(n*/3+9) for L and uniform metric, for § > 0, by implicitly representing the
underlying graph.

Curve simplification using the Fréchet error measure was first proposed by
Godau [God91], who showed that kp(e) is smaller than the size of the optimal
weak ¢/7-simplification. Alt and Godau [AG95] also proposed the first algorithm
to compute Fréchet distance between two polygonal curves in R? in time O(mn),
where m and n are the complexity of the two curves.
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Since the problem of developing a near-linear time algorithm for computing
an optimal e-simplification remains elusive, several heuristics have been pro-
posed over the years. The most widely used heuristic is the Douglas-Peucker
method [DP73] (together with its variants), originally proposed for simplify-
ing curves under the Hausdorff error measure. Its worst case running time is
O(n?) in R, In R?, the running time was improved to O(n logn) by Snoeyink et
al. [H1594]. However, the Douglas-Peucker heuristic does not offer any guarantee
on the size of the simplified curve.

The second class of simplification algorithms compute a weak e-simplification
of the polygonal curve P. Imai and Iri [[I186] give an optimal O(n) time algorithm
for finding an optimal weak e-simplification of a given monotone curve under
Hausdorff error measure. For weak e-simplification of curves in R? under Fréchet
distance, Guibas et al. [GTIMS93] proposed a factor 2 approximation algorithm
with O(nlogn) running time, and an O(n?) exact algorithm using dynamic
programming.

1.3 Our Results

In this paper, we study the curve-simplification problem under both the Fréchet
and Hausdorff error measures. We present simple near-linear time algorithms for
computing an e-simplification of size at most x(¢/c), where ¢ > 1 is a constant.
In particular, our contributions are:

Hausdorff Error Measure. Define the Hausdorff error of a line segment p;p;
w.r.t. P, where p;,p; € P, < j, to be

ou(pipj, P) = nax d(pr, pip;)

We prove the following theorem in Section 2.

Theorem 1. Given a monotone polygonal curve P and a parameter € > 0, one
can compute an e-simplification with size at most ki (e/2, P) in:

(i) O(n) time and space, under the Ly, Lo, Loo or uniform metrics in R?;
(ii) O(nlogn) time and O(n) space, under Ly or Lo metrics in R®.

We have implemented the algorithm in R? and present experimental results.

Fréchet Error Measure. Given two curves f : [a,a'] — R? and g : [b,V/] —
R?, the Fréchet distance Fp(f,g) between them is defined as:,

Fo(f.9) = inf max d(f(a(t)), 9(5(t)))

a:[0,1] — [a,a’] t€0:1
B:10,1] — [b,0']
where o and (3 range over continuous and increasing functions with «(0) =

a,o(l) = a',5(0) = b and B(1) = b'. The Fréchet error of a line segment p;p;
where p;,p; € P, i < j, is defined to be
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where 7(p, q) denotes the subcurve of P from p to ¢. We prove the following
result in Section 3:

Theorem 2. Given a polygonal curve P in R* and a parameter ¢ > 0, an e-
simplification of P with size at most Kp(e/2, P) can be constructed in O(nlogn)
time and O(n) space.

The algorithm is independent of any monotonicity properties. To our knowl-
edge, it is the first efficient, simple approximation algorithm for curve simplifica-
tion in dimension higher than two under the Fréchet error measure. We provide
experimental results for polygonal chains in R? to demonstrate the efficiency
and quality of our approximation algorithm.

Relations between simplifications. We further analyze the relations between
simplification under Hausdorff and Fréchet error measures, and Fréchet and
weak Fréchet e-simplification in Section 4.

2 Hausdorff Simplification

Let P = (p1,...,pn) be a monotone polygonal curve in R? or R3. For a given
distance function d(-,-), let D(p,r) = {q | (p,q) < r} be the disk of radius r cen-
tered at p. Let D; denote D(p;,¢). Then pibj is a valid segment, i.e. dg(pip;) < ¢,
if and only if p;p; intersects D;11,...,D;_; in order. We now define a general
problem, and use it to compute e-simplification of polygonal curves under dif-

ferent distance metrics.

2.1 Segment Cover

Let E = (e1,ea,...,em) be a sequence of segments. E is called an e-segment
cover of P if there exists a subsequence of vertices p;;, = D1, Piys- s Pimys =
Pn, i1 <2 < ... <ipmi1, such that e; intersects D;;, D; 11, ..., Dy, in order,

and the endpoints of e; lie in D;; and D;,_, respectively. An e-segment cover is
optimal if its size is minimum among all e-segment covers. The following lemma
is straightforward.

Lemma 1. Let p.(P) denote the size of an optimal e-segment cover. For
a monotone curve P, u.(P) < ky(e, P).

Lemma 2. Let E = ({ej,ea,...,en) be an €/2-segment cover of size m of
a monotone polygonal curve P. Then an e-simplification of size at most m can
be computed in O(m) time.

PROOF. By the definition of an £/2-segment cover, there exists a subsequence
of vertices p;, = p1,Diy,---,Pis1 = Pn such that e; intersects D(p;;,e/2),
D(pi;+1,€/2), ..., D(pi;,,,€/2), and the endpoints of e; lie in D(p;;,e/2) and
D(pi;,,,€/2). See Figure 1 for an example of an optimal e-segment cover under
uniform metric. Define the polygonal curve P’ = (p;, = p1,. .., Pi,s Pimyr = Pn)-
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Using the triangle inequality one can easily verify that the segment p;;p;,, inter-
sects all the disks D(p;;,¢), D(pi;+1,€), ..., D(pi,,,,€) in order. Hence p;,p;, .,
is a valid segment. Therefore, the polygonal curve P’ is an e-simplification of P,
and it can be constructed in O(m) time. O

2.2 An Approximation Algorithm

In this section, we present near-linear approximation algorithms for computing
an e-simplification of a monotone polygonal curve P in R? and R? under the
Hausdorff error measure.

Algorithm. The approximation algorithm to compute an e-simplification for
a monotone curve P, denoted Hausdorf£Simp, in fact computes an optimal e/2-
segment cover of P. It then follows from Lemma 2 that the vertex set of an
optimal €/2-segment cover also forms an e-simplification P’ of P. The size of P’
is at most kz(¢/2, P) by Lemma 1.

An ordered set of disks D has a line transversal if there exists a line inter-
secting all the disks D; € D in order. We use the greedy method of Guibas et
al. [GTHIMS93] to compute an optimal e-segment cover: start with the set D =
(D1). Now iteratively add each disk Dy, k = 2,3,... to D. If there does not
exist a line transversal for D after adding disk Dy, then add the vertex p;, = pi
to our segment-cover, set D = (), and continue. Let S = (p;,,...,p;, ) be the
polygonal curve computed by algorithm HausdorffSimp. Clearly, the segments
C(S) = (ej = pi,pi;s.d = 1,...,(m — 1)) form a £/2-segment cover. It can be
shown that the resulting set C(S) computed is an optimal €/2-cover.

Analysis. Given a set of i disks D = (Dq, ..., D,), it takes linear time to
compute a line that stabs D in order in R? under L;, Ly, Loo, and uniform met-
rics [Ame92, GHMS93]. The algorithm is incremental, and we can use a data
structure so that it only takes constant time to update the data structure while
adding a new disk. Thus our greedy approach uses O(n) time and space overall in
R?. In R3, the line transversal under L; and L., metrics can be computed in O(i)
time using linear programming, and one needs to update it efficiently when a new
disk is added. (Of course, we can use techniques for dynamic linear program-
ming [Ram00], but we describe a faster and simpler approach.) Therefore, we use
an exponential-binary search method using the linear programming algorithm
as a black-box, and obtain an O(nlogn) running time. The exponential-binary

Fig. 1. Covering the vertical segments of length 2¢ with maximal set of stabbing
lines



34 Pankaj K. Agarwal et al.

Points along a Sine curve Douglas-Peucker vs. HausdorffSimp
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Fig. 2. (a) Sizes of e-simplifications computed by HausdorffSimp and Douglas-
Peucker, (b) comparing running times of HausdorffSimp and Douglas-Peucker
for e = 0.6

search method will be described in more detail in the next section. Putting
everything together proves Theorem 1.

Remark. It can be shown that for monotone curves, the size of the Hausdorff
simplification is in fact equal to the size of the Fréchet simplification. In the
next section, we extend this approach (with an extra logarithmic overhead) to
work for simplifying arbitrary curves under the Fréchet error measure.

2.3 Experiments

In this section, we compare the results of our approximation algorithm for
curve simplification under the Hausdorff error measure with the Douglas-Peucker
heuristic. For our experiments, there are two input parameters — the size of the
input polygonal curve, and the error threshold e for simplification. Similarly,
there are two output parameters — the size of the simplified curve for a partic-
ular €, and the time for the simplification algorithm. All our experiments were
run on a Sun Blade-100 machine running SunOS 5.8 with 256MB RAM.

We implemented algorithm HausdorffSimp for planar z-monotone curves
under uniform metric. We compare HausdorffSimp with Douglas-Peucker on
inputs that are most favorable for Douglas-Peucker, where the curve is al-
ways partitioned at the middle vertex, and then recursively simplified. Fig-
ure 2(b) compares the running time of the two algorithms, where the curve
consists of point sets of varying sizes sampled from a sinusoidal curve. As ex-
pected, HausdorffSimp exhibits empirically linear running time, outperforming
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the Douglas-Peucker heuristic. Figure 2(a) shows the sizes of e-simplifications
produced when € = 0.6, and the curves again consist of points sampled from
a sinusoidal curve.

3 Fréchet Simplification

We now present algorithms for simplification under the Fréchet error measure. It
is easy to verify that §z(¢) can be computed exactly in O(n3) time following the
approach of Imai and Iri [[188]. Therefore we focus on approximation algorithms
below.

Lemma 3. Given two directed segments uv and xy in RY,
fD(uv7 ny) = max{d(u, 33), d(’U, y)}a

where d(-,-) represents the Ly, Ly or Lo, norm.

PROOF. Let § denote the maximum of d(u,z) and d(v,y). Note that
Fp(uv,zy) > 0, since u (resp. v) has to be matched to x (resp. y). As-
sume the natural parameterization for segment wv, A(t) : [0,1] — wwv, such
that A(t) = u + t(v — w). Similarly, define B(¢) : [0,1] — zy for segment zy,
such that B(t) = z + t(y — ). For any two matched points A(t) and B(t), let
Ct)y=A@{t)—B({t)=(1—t)(u—2x)+t(v—1y). Since C(t) is a convex function,
[IC(t)|| < ¢ for any ¢ € [0, 1]. Therefore Fp(uv,zy) < 4. O

Lemma 4. Given a polygonal curve P and two directed line segments uv and

xy,
| Fo(P,uv) — Fp(P,zy) |< Fp(uv, zy).

Lemma 5. Let P = (p1,pa,...,pn) be a polygonal curve. For | < i < j < m,
Sr(pipj, P) <2 - 0p(pipm, P).

PROOF. Let 6* = dp(pipm). Suppose under the optimal matching between
©(p1, pm) and pipm, p; and p; are matched to p; and p; € pip,, respectively
(see Figure 3 for an illustration). Then obviously, Fp(m(p;,p;), pip;) < 6*. In
particular, we have that d(p;,p;) < 6%, and d(p;,p;) < 0*. Now by Lemma 3,
Fo(pipj, pip;) < 0*. It then follows from Lemma 4 that

Sr(pip;) = Fo(m(pi,p;), pipj) < Fo(r(pi,pj). pipj) + 0% < 26%.

O
3.1 An O(nlogn) Algorithm

The algorithm (denoted FrechetSimp) will compute an e-simplification P’ of P
in a greedy manner: set the initial simplification as P’ = (p;, = p1), and itera-
tively add vertices to P’ as follows. Assume P’ = (p;,,...,p;;). The algorithm
finds an index k > i; such that (i) dp(pi;,px) < € and (i) 6p(pi;, Prs1) > €.
Set i;41 = k, and repeat the above procedure till the last vertex of P.
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Fig. 3. Bold dashed curve is 7(p;, pm), pi and p; are matched to p; and p;
respectively

Lemma 6. FrechetSimp computes P’ such that ép(P',P) < e, and |P’'| <
I%F(€/2).

PROOF. It is clear that the algorithm computes a curve that is an e-simplification
of P. It remains to show that the size of the curve P’ is bounded by rp(e/2).

Let Q@ = (pj, = p1,...,pj, = Pn) be the optimal e/2-simplification of P,
where 1 < j,, < nfor 1 <m <. Let P = (p;; = p1,...,pi, = Pn), Where
1<iy, <nforl<m<k.

The proof proceeds by induction. The following invariant will always be
true: iy, > jm, for all m. This implies that k < [, and therefore k < kp(e/2).

Assume 4,1 > jm—1. Let i = i, + 1. Then note that dp(p;,,_,,pir) > ¢,
and 0p(p;,,_,,pir—1) < e By the inductive step, i’ > jp—1. If &' > j,,, we are
done. So assume ¢’ < jp,. Since @ is an ¢/2-simplification, dr(p;,,_,p;,.) < €/2.
Lemma 5 implies that for all j,,—1 < im-1 < j' < jm, 0p(pi,,_,pjr) < €. But
since 0p(pi, . pir) > €, 7" > jnm and hence i,, > jm,.

O

After computing vertex p;, € P’, find the next vertex p;, ., as follows:
let b, be a bit that is one if dp(ps,,pi,.+p) > € and zero otherwise. b, can be
computed in O(p) time by the algorithm proposed in [AG95]. Recall our goal:
finding two consecutive bits ba and ba4i such that ba = 0 and bay; = 1.
Clearly, then the index of the next vertex is i,,41 =7+ A. A can be computed
by performing an exponential search, followed by a binary search. First find
the smallest j such that by; = 1 by computing the bits by;/, 7/ < j. The total
time can be shown to be O(im+1 — im). Next, use binary search to find two
consecutive bits in the range byj-1, ..., by;. Note that this is not strictly a binary
search, as the bits which are ones are not necessarily consecutive. Nevertheless,
it is easy to verify that the same divide and conquer approach works. This
requires computing O(j —1) = O(1og(im+1 —im)) bits in this range, and it takes
O(im+1 — im) time to compute each of them. Therefore computing Dipi, takes
O((im+1 — im)10g(tm+41 — i) time. Summing over all i;’s yields the running
time of O(nlogn), proving Theorem 2.
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Table 1. Comparing the size of simplifications produced by FrechetSimp with
the optimal algorithm

Curve 1 Curve 2 Curve 8
Size: 327 1998 9777

e |Aprz.|Evact| Aprz.|Exact|Aprz.| Exact
0.05| 327 327 201 201| 6786 6431
0.08| 327 327 168| 168| 4277 3197
0.12 327| 327| 134 134| 1537 651
1.20| 254 249 42 42| 178 168
1.60| 220| 214 36 36| 140 132
2.00| 134 124 32 32| 115 88

3.2 Experiments

We now present experiments comparing our O(nlogn) algorithm FrechetSimp
with (i) the optimal O(n?) time Fréchet simplification algorithm for quality; and
(#4) with the Douglas-Peucker algorithm under Hausdorff error measure (with Lo
metric) to demonstrate its efficiency. Our experiments were run a Sun Blade-100
machine with 256 RAM.

Recall that the O(n?) running time of the optimal algorithm is independent
of the input curve, or the error measure ¢ — it is always §2(n®). Therefore,
it is orders of magnitude slower than the approximation algorithm, and so we
omit its empirical running time. We focus on comparing the quality (size) of
simplifications produced by FrechetSimp and the optimal Fréchet simplification
algorithm. The results are presented in Table 3.2. Curve 1 is a protein backbone,
Curve 2 is a set of points forming a circle, and Curve 3 is a protein backbone
with some artificial noise. As seen from Table 3.2, the size of the simplifications
produced by our approximation algorithm is always close to the optimal sized
simplification.

We compare the efficiency of FrechetSimp with the Douglas-Peucker heuris-
tic. Figure 4 compares the running time of our approximation algorithm with
Douglas-Peucker for a protein backbone (with artificial noise added) with 49633
vertices. One can make an interesting observation: as ¢ decreases, Douglas-
Peucker’s performance decreases. However, as € decreases, the performance of
our approximation algorithms increases or remains nearly the same. This is due
to the fact that Douglas-Peucker tries to find a line segment that simplifies
a curve, and recurses into subproblems only if that fails. Thus, as € decreases,
it needs to make more recursive calls. Our approximation algorithm, however,
proceeds in a linear fashion from the first vertex to the last vertex, and hence it
is more stable towards changes in €.

4 Comparisons

In this section, we compare the output under two different error measures, and
we relate two different Fréchet simplifications.
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Douglas-Peucker vs. FrechetSimp
55 T T T T T T

' Dougla:s-PeuckerIA»—
5 FrechetSimp ---x--- 1

Running time (secs)

Error

Fig. 4. Comparing running times of FrechetSimp and Douglas-Peucker for vary-
ing € for a curve with 49633 vertices

(a) (b) (c)

Fig.5. (a) Polygonal chain composed of three alpha-helices, (b) its Fréchet e-
simplification and (c) its Douglas-Peucker Hausdorfl' e-simplification

Hausdorff vs. Fréchet . One natural question is to compare the quality of
simplifications produced under the Hausdorff and the Fréchet error measures.
Given a curve P = (p1,...,pn), it is not too hard to show that dm(pip;) <
dr(pip;j). The converse however does not hold.

The Fréchet error measure takes the order along the curve into account, and
hence is more useful in some cases especially when the order of the curve is
important (such as curves derived from protein backbones). Figure 5 illustrates
a substructure of a protein backbone, where e-simplifying under Fréchet error
measure preserves the overall structure, while e-simplifying under Hausdorff er-
ror measure is unable to preserve it.

Weak Fréchet vs. Fréchet . In the previous section we described a fast
approximation algorithm for computing an e-simplification of P under Fréchet
error measure, where we used the Fréchet measure in a local manner: we restrict
the curve (p;,...,p;) to match to the line segment p;p;. We can remove this
restriction to make the measure more global by instead looking at the weak
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<™

Fig.6. In (a), u and v are the points that s, and s;41 are mapped to in the
optimal matching between P and S. In (b), j; = k and j;41 =m

Fréchet e-simplification. More precisely, given P and S = (s1, $2, ..., Sim), where
it is not necessary that s; € P, S is a weak e-simplification under Fréchet error
measure if Fp (P, S) < e. The following lemma shows that the size of the optimal
Fréchet simplification can be bounded by the size of the optimal weak Fréchet
simplification:

Lemma 7. Given a polygonal curve P, let kr(e) denote the size of the minimum
weak e-simplification of P. Then

kr(e) < kr(e/4)

PROOF. Assume S = (sq,...,s:) is an optimal weak ¢/4-simplification of P, i.e.,
Fp(S,P) < /4. For any edge $;S;+1, let u € pgpr+1 and v € ppPm41 denote
the points on P that s; and s;41 are mapped to respectively in the optimal
matching between P and S. See Figure 6 (a) for an illustration. Let p;, (resp.
P+ ) denotes the endpoint of pxpry1 (resp. prmpm+1) that is closer to u (resp. v).
In other words, [[p;, — ]l < 1/2][ps1 — pill and 1ps,,, — ol < 1/2]pms1 — pmll
Set P' = (pj, = p1,.--,Pj, = Pn). It is easy to verify that j; < j, for any
1<i<r<it.

It remains to show that P’ as constructed above is indeed an e-simplification
of P. Fp(m(u,v),uv) < e/2 follows from Fp(m(u, v), s;si+1) < /4 and Lemma 4.
Let [ denote the line containing segment uv. We construct a segment u'v’ C [
such that Fp(7(pj,, pj.,. ), w'v") < €/2. We describe how to compute u’, and v’
can be computed similarly. Let p € uv denote the point that pxi1 is mapped
to in the optimal matching between m(u,v) and wv. If j;, = k + 1, i.e. pj, is
the right endpoint of edge prpprs1, then set v’ = p. Otherwise, u’ is the point
on [ such that pyu’ is parallel to pgy1p. See Figure 6 (b) for an illustration.
Note that in both cases, ||p;, — v’ < €/2, (resp. ||pj,., — v'[| < €/2) which
together with Lemma 3 implies that Fp(u'v',pj,pj.,,) < €/2. On the other
hand, the original optimal matching between wv and m(u,v) can be modified
into a matching between v'v’ and 7 (pj,, pj,,, ) such that Fp(u'v', 7(pj,, pj.)) <
€/2 (proof omitted due to lack of space). It then follows from Lemma 4 that
Fo(m(Djis Pjicr )s PjsPjiy,) < € for i =1...t, implying that 0p(P',P) <e. O
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Abstract. Let C be a compact set in R? and let S be a set of n points
in R?. We consider the problem of computing a translate of C' that con-
tains the maximum number, k¥, of points of S. It is known that this
problem can be solved in a time that is roughly quadratic in n. We show
how random-sampling and bucketing techniques can be used to develop
a near-linear-time Monte Carlo algorithm that computes a placement
of C containing at least (1 — e)x" points of S, for given ¢ > 0, with
high probability. We also present a deterministic algorithm that solves
the e-approximate version of the optimal-placement problem and runs in
O((n'*? + n/e)logm) time, for arbitrary constant § > 0, if C' is a con-
vex m-gonm.

1 Introduction

Let C be a compact set in R? and let S be a set of n points in R?. We define the
optimal-placement problem to be that of computing a point t € R? for which
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the translate C' + ¢ of C' contains the maximum number of points of S. Set

K*(C,S) =max|S N (C+t).
teR?

Motivated by applications in clustering and pattern recognition (see [14, 16]),
the optimal-placement problem has received much attention over the last two
decades. Chazelle and Lee [7] presented an O(n?)-time algorithm for the case
in which C is a circular disk, and Eppstein and Erickson [I11] proposed an
O(nlogn)-time algorithm for rectangles. Efrat et al. [10] developed an algo-
rithm for convex m-gons with a running time of O(nx*lognlogm + m), where
k* = k*(C,S), which was subsequently improved by Barequet et al. [3] to
O(nlogn + nk*log(ms*) +m).

All the algorithms above, except the one for rectangles, require at least
quadratic time in the worst case, which raises the question of whether a near-
linear approximation algorithm exists for the optimal-placement problem. In this
paper we answer the question in the affirmative by presenting Monte-Carlo and
deterministic approximation algorithms.

We call a translate C'+t of C' an e-approzimate placement if |S N (C +1t)| >
(1—¢)r*(C,S), and an algorithm that produces an e-approximate placement is
called an e-approzimation algorithm. We define the e-optimal-placement problem
to be the one that asks for an e-approximate placement.

We make the following assumptions about C' and S:

(A1) The boundary of C, denoted by dC, is connected and consists of m edges,
each of which is described by a polynomial of bounded degree. The end-
points of these edges are called the vertices of C. We will refer to C' as
a disk.

(A2) For all distinct ¢, ¢’ € S, the boundaries of the two translates C+t and C'+t/
of C intersect in at most s points, and the intersections can be computed
in I(m) time. By computing an intersection, we here mean determining
the two edges, one of each translate, that are involved in the intersection.
Moreover, for every point p € R? we can decide in Q(m) time whether
peC.

(A3) C is sandwiched between two axes-parallel rectangles whose widths and
heights differ by factors of at most a and (3, respectively, for o, 5 > 1.

We call C fat if « and [ in assumption (A3) are constants. Schwarzkopf et al.
[19] showed that after a suitable affine transformation, a compact convex set is
fat with a = 8 = 2.

We assume a model of computation in which the roots of a bounded-degree
polynomial can be computed in O(1) time. This implies that primitive operations
on the edges of C, e.g., computing the intersection points between two edges of
two translates C' 4+t and C' + ¢/, with ¢,¢' € S, can be performed in O(1) time.

In Section 2, we present two algorithms for the optimal-placement problem
and show how bucketing can be used to expedite the running time, especially
if C is fat. In particular, let T'(n) be the running time of an algorithm for the
optimal-placement problem on a set of n points, and let T,(n) denote the time
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Table 1. Worst-case running times (constant factors omitted) and error prob-
abilities of our e-approximation algorithms if C' is a circular disk; 6 and € are
arbitrarily small positive constants and v is a nonnegative real number, possibly
depending on n

Time Error probability Reference
n+ (yn)? ne % Section 3.1
nlogn e~ VrTlogn Section 3.2
n ne~Ve" Section 3.2
ntte 0 Section 4

required to partition n points into the cells of an integer grid. Then the bucketing
algorithm can compute an optimal placement in time O(Tg(n) + nT'(k*)/K*),
where k* = k*(C,S). Besides being interesting in its own right, this will be
crucial for the approximation algorithms.

In Section 3, we show that using random sampling and/or bucketing, we can
transform any deterministic algorithm for the optimal-placement problem to
a Monte-Carlo algorithm for the e-optimal-placement problem. Given a parame-
ter v > 0, the first algorithm in Section 3, based on a random-sampling technique,
computes an e-approximate placement in O(n + T'(yn)) time with error proba-
bility at most sne~="7%" . The second algorithm combines the random-sampling
technique with the bucketing technique and computes an e-approximate place-
ment in O(Ty(n) +nQ(m)+nT (afyr*)/k*) time with error probability at most
saﬁm*e‘az'y"*. For circular disks and constant e, the running time becomes
O(nlogn) and the error probability is at most e~V 1987 see Table 1. If C
is fat and m = O(1), by combining two levels of random sampling with the
bucketing technique, we can compute an e-approximate placement in O(n) time
for constant ¢ with error probability at most ne= Ve,

Finally, in Section 4, we present a deterministic algorithm, based on the
cutting algorithm of Chazelle [6], that computes an e-approximate placement
for sets C' that satisfy (A1)-(A3). If C' has O(1) edges, the algorithm runs
in O(n'*t? 4+ n/e) time, for any given constant § > 0 (where the constant of

proportionality depends on ). If C' is a convex m-gon, the running time is
O((n**+% + n/e)logm).

2 Preliminaries and Exact Algorithms

Let C be a disk satisfying assumptions (A1)—(A3) and let S be a set of n points
in R2. For simplicity, we assume that the origin lies inside C'. For a point p € R2,
define C, = {p—c|ce C}. Let € = {C, | p € S}. For a point set R and a point
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x € R2, the depth of x with respect to R, denoted by dr(x), is the number of
points p € R for which C) contains z. This is the same as [R N (C + z)], so
that k*(C,S) = max,cr2 ds(z). Hence, the problem of computing an optimal
placement reduces to computing a point of maximum depth with respect to S.

Consider the arrangement A(C) defined by the boundaries of the sets Cp,
where p € S. Each vertex in A(C) is either a vertex of Cp, for some point p € S
(a type 1 vertex), or an intersection point of C}, and Cy, for two points p,q € S
(a type 2 vertex). The maximum depth of a point is realized by a type 2 vertex
of A(C) (unless the maximum depth is 1). Using this observation, x*(C,S) can
be computed as follows.

Simple algorithms for computing x*. As in [10], we repeat the following step
for each point p € S. Compute the intersections between 0C), and all other
boundaries 0C,, where ¢ € S, and sort them along 9C,. Compute the depth of
one intersection with respect to S by brute force and step through the remaining
ones in sorted order while maintaining the depth. Finally report a point of the
maximum depth encountered for any p € S. The total time spent is O(n?(I(m)+
Q(m)) + sn?log(sn)).

Alternatively, we can compute A(C) with the algorithm of Amato et al. [2] and
use a standard graph-traversal algorithm, such as depth-first search, to compute
a type 2 vertex of maximum depth (with respect to ). Since A(€) has O(mn +
sn?) vertices, this algorithm takes O(mnlog(mn) + nQ(m) + sn?) time. Hence,
we obtain the following.

Theorem 1. Let S be a set of n points in the plane and let C' be a disk sat-
isfying assumptions (A1)-(A3). The value of K*(C,S) can be computed in time
O (n?(I(m) 4+ Q(m)) + sn?log(sn)) or in time O (mnlog(mn) + nQ(m) + sn?).

If m = O(1), then s,Q(m) = O(1), and if C is convex, then s = 2 [15]
and I(m),Q(m) = O(logm) [18]. (For the upper bounds on I(m) and Q(m),
an O(m)-time preprocessing step is needed.) Therefore Theorem 1 implies the
following.

Corollary 1. Let S be a set of n points in the plane and let C be a disk satisfying
assumptions (A1)-(A3). Then x*(C,S) can be computed in O(n?) time if C has
O(1) edges, and in O(n?log(mn) + m) or O(mnlog(mn) + n?) time if C is
a convexr m-gon.

Bucketing and estimating £*(C, S). For any two positive real numbers r and 7/,
we denote by G, s the two-dimensional grid through the origin whose cells have
horizontal and vertical sides of lengths r and r’, respectively. Hence, each cell of
Gr is of the form B;; = [ir, (i 4+ 1)r) x [jr’, ( + 1)r’) for some integers i and j.
We call the pair (4, j) the index of B;;.

We need an algorithm that groups the points of S according to the cells of
some grid G, ,/, i.e., stores S in a list such that for each grid cell B, all points of S
in B occur together in a contiguous sublist. This operation is similar to a sorting
of the elements of S by their associated grid cells, but does not require the full
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power of sorting. Let T,(n) denote the time needed to perform such a grouping
of n points according to some grid and assume that 7, is nondecreasing and
smooth in the sense that T,(O(n)) = O(Ty(n)) (informally, a smooth function
grows polynomially). The following lemma is straightforward.

Lemma 1. Let S be a set of n points in R? and let C be a disk satisfying
assumptions (A1)-(A3). Let a,b > 0 be such that Ry C C C Ry for axes-parallel
rectangles Ry of width a and height b and Ry of width aa and height Bb. Let M
be the mazimum number of points of S contained in any cell of the grid G, .
Then M < r*(C,S) < (a+1)(B+1)M.

Lemma 1 shows that an approximation M to x* = *(C,S) with M <
k* < (a+1)(8 + 1)M can be computed in O(Tg(n)) time. Let us see how
the grouping of S can be implemented. It is clear that once each point p of S
has been mapped to the index (i,7) of the cell containing p of a grid under
consideration, S can be grouped with respect to the grid in O(nlogn) time by
sorting the pairs (4, 7) lexicographically. The mapping of points to grid indices
uses the nonalgebraic floor function. To avoid this, we can replace the grid by
the degraded grid introduced in [8, 17], which can be constructed in O(nlogn)
time without using the floor function, and for which Lemma 1 also holds. Given
any point p € R?, the cell of the degraded grid that contains p can be found in
O(logn) time, so that the grouping can be completed in O(nlogn) time.

In a more powerful model of computation, after mapping S to grid indices, we
can carry out the grouping by means of hashing. Combining the universal class of
Dietzfelbinger et al. [9] with a hashing scheme of Bast and Hagerup [4], we obtain
a Las Vegas grouping algorithm that finishes in O(n) time with probability at
least 1 — 27" for some fixed p > 0. We omit the details.

A bucketing algorithm. We can use Lemma 1 and Theorem 1 to obtain a faster
algorithm for computing £* = x*(C,S) in some cases. Suppose we have an
algorithm A that computes «*(C,S) in time T'(n). Using Lemma 1, we first
compute M and, for each pair (i,5) € {0,1,2}2, consider the grid G¥ obtained
by shifting Gsaa,386 by the vector (ica, j3b). For each cell B of G¥ that contains
at least M points of S, we run A on the set S N B to obtain a point yp of
maximum depth kp with respect to S N B. Finally we return a point yp for
which kp is maximum over all runs of A.

To see the correctness of the algorithm, let z € R? satisfy dg(x) = k*.
Observe that for some 0 < i,j < 2, x lies in the middle ninth of some cell B of
GY, in which case C' + z C B. It is now clear that |S N B| > dg(x) = k* > M
and kg = k™.

Let us analyze the running time. For each of 0 < 7,5 < 2, the algorithm
spends Ty(n) time to partition S among the grid cells. Since at most n/M cells
of G¥ contain at least M points of S and no cell contains more than 9a3M points,
the total running time is O(Ty(n) +nT(aSM)/M) = O(Tg(n) +nT(afr*)/k*),
where in the last step we used the relation M < k* and the assumption that
T'(n)/n is nondecreasing. We thus obtain the following result.
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Theorem 2. Let S be a set of n points in the plane, let C' be a disk satisfying
assumptions (A1)-(A3), and let A be an algorithm that computes k* = k*(C, S)
in time T(n). Then k* can be computed in O(Tg(n) + nT (afBrk*)/k*) time.

Corollary 2. Let C, S, and T(+) be as in Theorem 2. The value of k* = k*(C, S)
can be computed in O(Ty(n) + nk*) time if C' is fat and has O(1) edges, and in
O(Tg(n) + ne*log(mk*) +m) or O(Ty(n) + mnlog(mk*) + nk*) time if C is
a convexr m-gon.

3 Monte-Carlo Algorithms

In this section we present Monte-Carlo algorithms for the e-optimal-placement
problem. These algorithms use one of the deterministic algorithms described
in Theorem 1 as a subroutine. We will refer to this algorithm as A and to its
running time as 7'(n). We assume that T'(n) and T'(n)/n are nondecreasing and
that 7" is smooth.

3.1 A Random-Sampling Approach

We first present an algorithm based on the random-sampling technique. We
carry out the probabilistic analysis using the following variant of the well-known
Chernoff bounds (see, e.g., Hagerup and Riib [13]).

Lemma 2. LetY be a binomially distributed random variable and let 0 < X < 1.

1. For everyt < E(Y), Pr[Y < (1 —X\)¢] < e—Nt/2
2. For every t > E(Y), Pr[Y > (1 + \)t] < o—At/3

Theorem 3. Let S be a set of n points in the plane and let C' be a disk satisfying
assumptions (A1)-(A3). For arbitrary €,y > 0, an e-approximate solution to the
optimal-placement problem can be computed in O(n + T'(yn)) time with error
probability at most sne_sz'”‘*, where k* = k*(C, S).

Proof. Let & = min{e,1/2} and ¥ = min{288~,1}. The algorithm first draws
a y-sample S’ of S, i.e., includes every point of S in S’ with probability 7
and independently of all other points. If [S| > 29n (the sampling fails), the
algorithm returns an arbitrary point. Otherwise it uses A to return a point y of
maximum depth with respect to S’.

Since 4 = O(y) and T is smooth, it is clear that the algorithm can be
executed in O(n+T(yn)) time. By Lemma 2, the sampling fails with probability
at most e~ 7"/3 If e > 1 or 4 = 1, the output is obviously correct. Assume that
this is not the case and that the sampling succeeds.

Let us write d for dg and d’ for dg/ and let x € R? be a point with d(z) = K*.
Informally, our proof proceeds as follows. Let Z = {z € R? | d(2) < (1 —¢)x*}
be the set of “bad” points. The error probability is equal to Pr[y € Z]. We first
show that d’'(y) is likely to be large, where “large” means at least (1 — £/2)yk*.
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Subsequently we show that for every z € Z, d'(z) is not likely to be large.
Combining the two assertions shows that except with small probability, y & Z.
The first part is easy: Since E(d'(z)) = 4x* and d'(y) > d'(z), Lemma 2
implies that
Pr(d (y) < (1 —&/2)7K*] < e~ 15 /8,

Now fix z € Z. Since 1 — £/2 > (1 +&/2)(1 — &) and E(d'(2)) = 7d(z) <
(1 —e)yr* < (1 —&)yK*, we have

Pr(d (2) > (1 — £/2)3"] < Prld'(z) > (1 +&/2)(1 — &)yk*] < e~ 1975712,

The preceding argument applies to a fixed z € Z. A priori, we have to deal
with an infinite number of candidate points z € Z. However, using the fact
that the arrangement defined by the boundaries of the sets C,, with p € S,
has O(sn?) vertices of type 2, it is not difficult to see that there is a set X
with |X| = O(sn?) such that for every z € Z, there is a 2 € X N Z with
d'(2) = d'(2). Therefore the probability that d’'(z) > (1 — £/2)yk* for some
z € Z is O(sn2e~% (1=97%"/12) The other failure probabilities identified above
are no larger. Now, & > ¢/2, 1 —& > 1/2, and 7 = 3 - 8 - 12y. Moreover, we
can assume that e %" > sn, since otherwise the theorem claims nothing. But
then sn2e¢ (1=97%"/12 < gn26=3" 18" < (1/)e~"7%" . Therefore, except if n is
bounded by some constant (in which case we can use a deterministic algorithm),
the failure probability is at most sne~ " O

Combining Theorem 3 with Corollary 1, we obtain the following result.

Corollary 3. Let S be a set of n points in the plane and let C be a disk satisfying
assumptions (A1)-(A3). For arbitrary e,y > 0, an e-approzimate placement can
be computed with error probability at most ne=< %" in O(n+(yn)?) time if C has
O(1) edges, and in O(n+ (yn)*log(ymn)+m) or O(n+~ymnlog(ymn)+ (yn)?)
time if C' is a convexr m-gon.

Our random-sampling approach can also be used to solve related problems.
As an example, consider the problem of computing a point of maximum depth in
a set H of n halfplanes. If we denote this maximum depth by x*, then k* > n/2.
By computing and traversing the arrangement defined by the bounding lines
of the halfplanes, one can compute x* in O(n?) time. Since a corresponding
decision problem is 3SUM-hard (see Gajentaan and Overmars [12]), it is unlikely
that it can be solved in subquadratic time. If we apply our random-sampling
transformation with v = ¢/+/n for a suitable constant ¢ > 0, we obtain the
following result.

Theorem 4. Let H be a set of n halfplanes. For arbitrary constant € > 0, in
O(n) time we can compute a point in R? whose depth in H is at least (1 — )K",

n

except with probability at most e~ V™.



Translating a Planar Object to Maximize Point Containment 49

3.2 Bucketing and Sampling Combined

We now present a Monte Carlo algorithm that combines Theorem 3 with the
bucketing algorithm described in Section 2.

First compute M, as defined in Lemma 1. Next, for each (i, ) € {0,1,2}?,
consider the grid G¥ as in Section 2. Fix a parameter v > 0. For each cell B
of GY with |S N B| > M, run the algorithm described in Section 3.1 on the
set SN B to obtain a point yp and compute the value kg = dsnp(yp). Finally
return a point yp for which kp is maximum.

Theorem 5. Let S be a set of n points in the plane and let C' be a disk satisfying
assumptions (A1)-(A3). For arbitrary e,y > 0, an e-approzimate placement of C
can be computed in O(Tg(n) +nQ(m)+nT (afyr*)/k*) time by a Monte Carlo
algorithm with error probability at most saﬂm*eifrzw*.

Corollary 4. Let S be a set of n points in the plane and let C be a disk sat-
isfying assumptions (A1)-(A3). For arbitrary constant € > 0, an e-approximate
placement of C' can be computed in O(nlogn) time with probability of error at
most e~ VrTloen if C' s fat and has O(1) edges, and in O(nlog(mn) +m) time

with probability of error at most = V/x* log(mn)/ log(mn*) if C is a convexr m-gon.

Proof. To prove the first claim, let A be the first algorithm of Corollary 1.
Then T'(n) = O(n?). Applying Theorem 5 to A, we obtain an e-approximation
algorithm for the optimal-placement problem with running time O(nlogn +
v?nk*) and error probability 0(5*6_5275* ). If we choose v = (2/¢%)+/(logn)/M,
where M is as in Lemma 1, the running time and the error probability are as
claimed for n larger than some constant.

For the proof of the second claim, we take A to be the second algorithm
of Corollary 1. Then T'(n) = O(n?log(mn) + m). If we apply Theorem 5 to
A, we obtain an e-approximation algorithm for the optimal-placement problem
with running time O(nlog(mn) + ny?k*log(myk*) + m) and error probabil-
ity O(k*e=="7""). We choose v = cy/log(mn) /(M log(mM)), where M is as in
Lemma 1 and c is a sufficiently large constant. Except if v > 1, in which case
we can use the second algorithm of Corollary 2, this gives the running time and
the error probability claimed for n sufficiently large. a

Theorem 6. Let S be a set of n points in the plane and let C be a fat disk
satisfying assumptions (A1)-(A3) and having O(1) edges. For arbitrary constant
e > 0, an e-approximate placement of C' can be computed in O(n) time with error
probability at most ne= V",

Proof. We use the following algorithm, which might be described as sampling
followed by bucketing followed by sampling: Draw a random ~-sample S’ of .S,
where v = min{L/logn, 1} for a constant L > 0 to be chosen below. If |S’| > 2yn,
return an arbitrary point. Otherwise apply the first algorithm of Corollary 4
to S’, but with approximation parameter ¢/4, rather than e, and return the
point returned by that algorithm. The overall running time is clearly O(n).
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As in the proof of Theorem 3, we write d for dg and d’ for dg:. Assume that
e < 1 and that |S’| < 2yn and let &’ be the maximum value of d'(x) over all
points x in the plane. By Lemma 2, Pr[s’ < (1 — £/4)ys*] < e~ 7% for some
constant ¢; > 0. Moreover, the analysis in the proof of Theorem 3 shows the
probability that d'(z) > (1 — £/2)yk* for some z € R? with d(z) < (1 — &)x*
to be O(ne=°27%") for some other constant ¢y > 0. Finally, the probability that
the algorithm of Corollary 4 returns a point y with d'(y) < (1 — e/4)r’ is at
most e~ V*'1°8n Observe that £ > (1 —e/4)yx* and d'(y) > (1 — ¢/4)x’ imply
d' (y) > (1 — e/2)yk*. Therefore, for some constant ¢ > 0, the answer is correct,
except with probability O(ne=¢7%" e~ ¢V75719em) Tf n < 1, the probability under
consideration is O(ne=¢L"/losn 4 o=eVLA™) We can assume that &* > (logn)2,
since otherwise there is nothing to prove. But then it is clear that for L chosen
sufficiently large and for n larger than some constant, the error probability is at
most ne= V" O

4 A Deterministic Approximation Algorithm

In this section we present a deterministic algorithm for the e-optimal-placement
problem. For simplicity, we assume that C' is convex and has O(1) edges. The
algorithm can be extended to more general cases. For example, at the cost of
an extra O(log m)-factor in the running time, the algorithm can be extended to
arbitrary convex m-gons. Throughout this section, S denotes a set of n points
in the plane, € denotes the set of n translates Cp, with p € S, A(C) denotes
the arrangement defined by the boundaries of the elements of C, and «* denotes

K*(C,S).

4.1 Cuttings

We will refer to a simply connected region with at most four edges (left and right
edges being vertical segments and top and bottom edges being portions of the
boundaries of translates of —C') as a pseudo-trapezoid. For technical reasons, we
will also regard vertical segments and portions of the boundaries of translates of
—(C as 1-dimensional pseudo-trapezoids. For a pseudo-trapezoid A and a set F of
translates of —C, we will use Fo C F to denote the set of all elements of F whose
boundaries intersect A. The vertical decomposition A'(C) of A(C) partitions the
plane into pseudo-trapezoids. Let F be a subset of € and let A be a pseudo-
trapezoid. We will denote by x(F, A) the number of pairs of elements of F whose
boundaries intersect inside A. If A is the entire plane, we use the notation x (%)
to denote x(F,A), for brevity. Given a parameter r > 1, a partition = of A
into a collection of pairwise openly-disjoint pseudo-trapezoids is called a (1/r)-
cutting of (F, A) if |F,| < |F|/r for every pseudo-trapezoid 7 € =(F, A). The
conflict list of a pseudo-trapezoid 7 in = is the set F..

We state the following technical result in full generality, since it is of inde-
pendent interest and may find additional applications. We apply it here only
with A being the whole plane.
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Theorem 7. Let A be a pseudo-trapezoid, let v > 1, and let 6 > 0 be an arbi-
trarily small constant. A (1/r)-cutting of (C, A) of size O(r'T% 4 x (€, A)r?/n?),
along with the conflict lists of its pseudo-trapezoids, can be computed in O(nr® +
X(C, A)r/n) time, where the constants of proportionality depend on §.

We prove this theorem by adapting Chazelle’s cutting algorithm [6] to our
setting. We call a subset F of C a (1/r)-approzimation if, for every pseudo-

trapezoid A,
1€Cal  [Fal

eI
A result by Bronnimann et al. [5] implies that a (1/r)-approximation of € of size
O(r?logr) can be computed in time nr©M) | Moreover, an argument similar to
the one in [6] implies the following:

1
o

Lemma 3. Let F be a (1/r)-approzimation of C. For every pseudo-trapezoid A,
‘x(& 4) (3,4 ’ 1

c[? |12

;.
Next, we call a subset H of € a (1/r)-net of C if, for any pseudo-trapezoid
A, |Cal > |€]/r implies that Ha # 0. A (1/r)-net H is called sparse for A if

As in [6], we can prove the following.

Lemma 4. Given a pseudo-trapezoid A and a parameterr > 1, we can compute,
in n®W) time, a (1/r)-net of € having size O(rlogn) and that is sparse for A.

Proof of Theorem 7. Using Lemmas 3 and 4, we compute a (1/r)-cutting of
(€, A) as follows. Let ¢ be a sufficiently large constant whose value will be chosen
later. For every 0 < j < [log, 7], we compute a (1/c)-cutting Z; of (€, A). The
final cutting is a (1/7)-cutting of (€, A). While computing =}, we also compute
the conflict lists of the pseudo-trapezoids in =j.

Zp is A itself, and € is the conflict list of A. We compute =; from =;_;
as follows. For each pseudo-trapezoid 7 € Z;_1, if |C;| < n/c/, then we do
nothing in 7. Otherwise, we first compute a (1/2¢)-approximation F, of €, of size
O(c?logc) and then a (1/2¢)-net H, of F, of size O(clogc) that is sparse for 7.
Note that H; is a (1/c)-net of €,. We then compute the vertical decomposition
ANFH,) of A(H;) within 7. Al(H;) consists of O(|H,| + x(H-, 7)) cells. We
replace 7 with the pseudo-trapezoids of A'(J(;). Repeating this for all 7 € =;_;,
we form Z; from Z;_;. It is easy to see that = is a (1/¢7)-cutting of (€, A).

By an analysis similar to the one in [6], it can be shown that by choosing the
constant ¢ sufficiently large (but depending on §), the size of the final cutting is
O(r'9 4+ x(C, A)r? /n?) and that the running time of the algorithm is O(nr® +
X(C, A)r/n). This completes the proof of Theorem 7. O

By a result of Sharir [20], x(C,A) = O(nk*), so Theorem 7 implies the
following.
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Corollary 5. Letr > 1 and let § > 0 be an arbitrarily small constant. A (1/r)-
cutting Z(C) of size O(r'+9 + k*r2/n), along with the conflict lists, can be com-
puted in O(nr® + Kk*r) time.

4.2 The Approximation Algorithm

Let 4, > 0 be real numbers. We now present a deterministic e-approximation
algorithm. We will need the following lemma.

Lemma 5. Let r > 1 and let £ be a (1/r)-cutting of C. Then we can compute
a point of depth (with respect to S) at least K* —n/r in O(|Z|n/r) time.

Proof. Let A be a pseudo-trapezoid of =. The maximum depth (with respect
to S) of any point inside A is at most n/r plus the depth (with respect to S)
of any vertex of A. It thus suffices to return a vertex of (a pseudo-trapezoid
of) = of maximum depth (with respect to S). We can compute the depths of
all vertices of = by following an Eulerian tour on the dual graph of the planar
subdivision induced by = see, e.g., [1]. As shown in [I], the time spent in this
step is proportional to the total size of all the conflict lists in =. Since the size
of each conflict list is at most n/r, the claim follows. O

Our algorithm works in two stages. In the first stage, we estimate the value
of k* to within a factor of 9, and then we use Lemma 5 to compute an e-
approximation of x*.

I. Using the bucketing algorithm of Section 2, we obtain a coarse estimate kg
of k* that satisfies ko/9 < k* < k. (Since we assume that C' is convex, we
have a = 8 = 2, as follows from [19], which leads to the constant 9 in the

estimate above.)

9n.
eko’

of maximum depth (with respect to S) among the vertices of =. Denote this
maximum depth by k.

II. We set r = min n}, compute a (1/r)-cutting = of €, and return a point

By Lemma 5, and assuming that r = STT:;?

n n ckg
R T T Gk " T g 2k
If r = n, then k > k* —n/r = k* — 1, which is at least (1 — €)x*, since we may
assume that € > 1/k*.
As shown in Section 2, Step I can be implemented in O(nlogn) time. Using
Theorem 7 and Lemma 5, Step II takes time

s, K 145 , T
O(nr +€k0)—0(n +€).

Hence, we conclude the following.

Theorem 8. Let S be a set of n points in the plane and let C' be a convex
disk with O(1) edges. Assume that assumptions (A1)-(A3) are satisfied and let
e > 0 be a real number. An e-approximate placement of C can be computed in
O(n'*° +n/e) time, for any given constant § > 0.
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Abstract. Given a set P of n points in R? and an integer k > 1, let w*
denote the minimum value so that P can be covered by k cylinders
of radius at most w*. We describe an algorithm that, given P and an
e > 0, computes k cylinders of radius at most (1 4 )w™ that cover P.
The running time of the algorithm is O(nlogn), with the constant of
proportionality depending on k, d, and €. We first show that there exists
a small “certificate” Q@ C P, whose size does not depend on n, such
that for any k-cylinders that cover ), an expansion of these cylinders by
a factor of (14 ¢) covers P. We then use a well-known scheme based on
sampling and iterated re-weighting for computing the cylinders.

1 Introduction

Problem statement and motivation. Given a set P of n points in R%, an
integer k > 1, and a real ¢ > 0, we want to compute k£ cylinders of radius at
most (1 + e)w* that cover P (that is, the union of the cylinders contains P),
where w* denotes the minimum value so that P can be covered by k cylinders
of radius at most w*.

This problem is a special instance of projective clustering. In a more general
formulation, a projective clustering problem can be defined as follows. Given
a set S of n points in R? and two integers k < n and ¢ < d, find k ¢-
dimensional flats hq,...,h; and partition S into k subsets Si,..., Sk so that
maxi<;<k Maxpes; d(p, h;) is minimized. That is, we partition S into k clusters,
and each cluster S; is projected onto a g-dimensional linear subspace so that the
maximum distance between a point p and its projection p* is minimized. In this
paper we study the special case in which ¢ = 1, i.e., we wish to cover S by k
congruent cylinders of smallest minimum radius.
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Clustering is a widely used technique for data mining, indexing, and classifi-
cation [24]. Most of the methods — both theoretical and practical — proposed
in the last few years [2, 14, 24] are “full-dimensional,” in the sense that they give
equal importance to all the dimensions in computing the distance between two
points. While such approaches have been successful for low-dimensional datasets,
their accuracy and efficiency decrease significantly in higher dimensional spaces
(see [21] for an excellent analysis and discussion). The reason for this perfor-
mance deterioration is the so-called dimensionality curse. A full-dimensional
distance for moderate-to-high dimensional spaces is often irrelevant. Methods
such as principal component analysis, singular value decomposition, and ran-
domized projection reduce the dimensionality of the data by projecting all points
on a subspace so that the information loss is minimized. A full-dimensional clus-
tering method is then used in this subspace. However, these methods do not
handle well those situations in which different subsets of the points lie on differ-
ent lower-dimensional subspaces. Motivated by the need for increased flexibility
in reducing the data dimensionality, recently a number of methods have been
proposed for projective clustering, in which points that are closely correlated in
some subspace are clustered together [5, 6, 10, 26]. Instead of projecting the
entire dataset on a single subspace, these methods project each cluster on its
associated subspace, which is generally different from the subspace associated
with another cluster.

Previous results. Meggido and Tamir [27] showed that it is NP-complete to de-
cide whether a set of n points in the plane can be covered by k lines. This
immediately implies that projective clustering is NP-Complete even in the pla-
nar case. In fact, it also implies that approximating the minimum width within
a constant factor is NP-Complete. Approximation algorithms for hitting com-
pact sets by minimum number of lines are presented in [19]. Fitting a (d — 1)-
hyperplane through S is the classical width problem. The width of a point set
can be computed in GO(nlogn) time for d = 2 [22], and in O(n3/%7¢) expected
time for d = 3 [1]. Duncan et al. gave an algorithm for computing the width
approximately in higher dimensions [13]. Several algorithms with near-quadratic
running time are known for covering a set of n points in the plane by two strips of
minimum width; see [25] and references therein. Har-Peled and Varadarajan [183]
have recently given a polynomial-time approximation scheme for the projective
clustering problem in high dimensions for any fixed k and gq.

Besides these results, very little is known about the projective clustering
problem, even in the plane. A few Monte Carlo algorithms have been devel-
oped for projecting S onto a single subspace [23]. An exact solution to the
projective clustering problem can be solved in n®(@) time. We can also use
the greedy algorithm [I1] to cover points by congruent g-dimensional hyper-
cylinders. More precisely, if S can be covered by k hyper-cylinders of radius r,
then the greedy algorithm covers S by O(klogn) hyper-cylinders of radius r
in time n°@. The approximation factor can be improved to O(klogk) using
the technique by Brénimann and Goodrich [3]. For example, this approach com-
putes a cover of S C R? by O(k log k) hyper-cylinders of a given radius r in time
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O(n°@klog k), assuming that S can be covered by k hyper-cylinders of radius
each. Agarwal and Procopiuc [3] give a significantly faster scheme to cover S with
O(dk log k) hyper-cylinders of radius at most r in O(dnk?log®n) time. Combin-
ing this result with parametric search, they also give an algorithm that computes,
in time O(dnk®log*n), a cover of S by O(dklogk) hyper-cylinders of radius at
most 8w*, where w* is the minimum radius of a cover by k hyper-cylinders.

The problem that we consider can also be thought of as an instance of a shape
fitting problem, where the quality of the fit is determined by the maximum
distance of a point from the shape. In these problems one generally wants to
fit a shape, for example a line, hyperplane, sphere, or cylinder, through a given
set of points P. Approximation algorithms with near-linear dependence on the
size of P are now known for most of these shapes [7, 9, 17]. Trying to generalize
these techniques to more complicated shapes seems to be the next natural step.
The problem that we consider, that of trying to fit a point set with k£ > 1
lines, is an important step in this direction. The only previous result giving
a (1 + e)-approximation in near-linear time in n, for £ > 1, is the algorithm
of Agarwal et al. [4] for k = 2. However, their techniques do not generalize to
higher dimensions or to the case of k > 2.

Our results and techniques We present an (14 ¢)-approximation algorithm, with
O(nlogn) running time, for the k-line center problem in any fixed dimension;
the constant of proportionality depends on k, €, and d. We believe that the
techniques used in showing this result are quite useful in themselves. We first
show that there exists a small “certificate” ) C P, whose size does not depend
on n, such that for any k-cylinders that cover ), an expansion of these cylinders
by a factor of (1 + ¢) covers P. The proof of this result is non-constructive in
the sense that it does not give us an efficient way of constructing a certificate.
The ideas used in this proof offer some hope for simplifying some known results
as well as for proving the existence of a small certificate for other, more difficult
problems.

We then observe that a well-known scheme based on sampling and iterated
re-weighting [12] gives us an efficient algorithm for solving the problem. Only
the existence of a small certificate is used to establish the correctness of the
algorithm. This technique is quite general and can be used in other contexts as
well. Thus it allows us to focus our attention on trying to prove the existence
of small certificates, which seems to be the right approach for more complex
shapes.

We present a few definitions in Section 2, a proof of the existence of small
certificates in Section 3, and our algorithm in Section 4.

2 Preliminaries

A cylinder in R?, defined by specifying a line £ in R? and a non-negative real
number r > 0, is the set of all points within a distance of r from the line /.
We refer to ¢ as the azis and r as the radius of the cylinder. For ¢ > 0, an
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e-expansion of a cylinder with axis ¢ and radius r is the cylinder with axis ¢ and
radius (1 + ¢)r. We define an e-expansion of a finite set of cylinders to be the
set obtained by replacing each cylinder with its e-expansion.

Definition 2.1. Let P be a set of points in R?, & > 0, and k& > 1. We say
that a subset @ C P is an (g, k)-certificate for P if for any set X' of k congruent
cylinders that covers @, an e-expansion of X results in a cover of P. We stress
that the cylinders in 2’ must have equal radius.

Let I = [a,b] be an interval. For ¢ > 0, we define its e-ezpansion to be the
interval I = [a — (b — a),b + (b — a)]. We define an e-expansion of a set of
intervals on the real line analogously.

Definition 2.2. Let P be a set of points in R, £ > 0 a real number, and k > 1
an integer. We say that a subset Q C P is an (g, k)-certificate for P if for any
set Z of k intervals that covers @), an e-expansion of Z results in a cover for P.
We emphasize that the intervals in Z are allowed to have different lengths.

Though we are using the term (g, k)-certificate to mean two different notions,
the context will clarify which one we are referring to.

3 Existence of Small Certificates

We show in this section that for any point set P in R?, & > 0, and integer k > 1,
there is an (g, k)-certificate for P whose size is independent of the size of P. In
order to do this, we first have to show the existence of such certificates for points
in RL.

Lemma 3.1. Let P be any set of points in R', ¢ > 0 be a real number, and
k > 1 be an integer. There is an (g, k)-certificate @ C P for P with g(e,k)
points, where g(e, k) = (k/e)O®).

Proof: The proof is by induction on k. If £ = 1, we let () be the two extreme
points of P.

If £ > 1, Q is picked as follows. Let A be the length of the interval I spanned
by P. We divide [ into k intervals of length A/k. Let ag < a; - -+ < ay, denote the
endpoints of these intervals (thus, I = [ag,ax]). For each a;, 1 <i <k —1, and
1<j<k-—1, we compute an (e, j)-certificate for P N [ag, a;] and an (g, k — j)-
certificate for P N [a;,ar]. Let Q1 denote the union of all these certificates.
Obviously,

k—1k—1
QI <> g(e,5) + 9l k — j) < 2kg(e, k — 1).

i=1 j=1

Next, we divide I into k/e intervals of length e A/k; we call these basic inter-
vals. Let us call an interval of the real line canonical if it is a union of basic inter-
vals and has length at least A/k. There are ©(k? /e?) canonical intervals. For each
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canonical interval I’, we compute an (e, k— 1)-certificate for the points in P lying
outside I'. Let Q2 denote the union of these certificates. |Qz| < ck?/e2g(e, k—1),
where ¢ is a constant.

We let Q = Q1 U Q2. We obtain the following recurrence for g(e, k):

gle, k) < ck?/e?g(e, k — 1) + 2k2g(e, k — 1).
The solution to the above recurrence is g(e, k) = (k/e)°®*), as claimed.

We now argue that @ is an (e, k)-certificate. Let X' = {s1,52,...,s;} be k
intervals that covers ). We first consider the case where all these segments have
length smaller than A/k. In this case there exists an a;, 1 <14 < k—1, that is not
contained in any of these segments. Indeed, each interval in X' can cover at most
one a;, and ag, a are covered by Y. Without loss of generality, we may assume
that a¢, for some { < k, is not covered by X' and that the segments sq,...,s;
lie to the left of a¢ and the segments s;j41, ..., si lie to the right of a¢, for some
1 < j <k —1. Since @ includes an (e, j)-certificate for the points P N [ao, a¢],
and si, ..., s; cover this certificate, we conclude that an e-expansion of sq, ..., s;
contains PN|ag, a¢]. By a symmetric argument, we conclude that an e-expansion
of sj11,...,5, covers PN [ag, ay,], and we are done.

We now consider the case when one of the segments, say s1, has length at least
A/k. Let I’ denote the smallest canonical interval containing s1; note that I’ is
covered by an e-expansion of s1. Since @ includes an (g, k — 1)-certificate for the
points in P outside I’, and s»,..., s, cover this certificate, we conclude that an
e-expansion of so, ..., s, covers the points in P outside I’. Since an e-expansion
of s1 covers P N I’, the result follows. a

We use Lemma 3.1 to prove the existence of a small certificate for any set of
points in R,

Lemma 3.2. Let P be any set of points in RY, e > 0, and k > 1. There exists
an (g, k)-certificate for P with f(e,k) points, where f(e, k) = k9K /gOld+k),

Proof: Consider a cover of P by k congruent cylinders of minimum radius, and
let this radius be denoted by w*. Let § = ce, where ¢ > 0 is a sufficiently small
constant. Clearly, there is a set L of O(k/e?~1) lines such that for any point
p € P, there is a line ¢ € L with d(p,¢) < dw*. Indeed, for every cylinder C in
the cover, draw a grid of size € in the (d — 1)-dimensional ball forming the base
of C' and draw a line parallel to the axis of C' from each of the grid points.

Let P’ be the point set obtained by projecting each point in P to the nearest
line in L. Let P’(¢) C P’ denote the points on the line £. Let Q'(¢) be a (4, k)-
certificate, computed according to Lemma 3.1, for the points P’(¢) (by treating
¢ as the real line). Let Q" = J,c, Q'(£), and let @ be the original points in P
corresponding to Q’.

The bound on the size of @) is easily verified. Consider k cylinders of radius r
that cover Q. Expanding each cylinder by an additive factor of dw*, we cover @Q’.
For each ¢ € L, the segments formed by intersecting the cylinders with ¢ cover
Q' (¢). Therefore, the d-expansion of the segments results in a cover of P’(¢). It
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follows that a d-expansion of the cylinders results in a cover for P’ (this step
needs a geometric claim that is easily verified). Expanding further by an additive
factor of Jw™*, we get a cover of P. Since w* is the radius of the optimal cover
of P, we have

(r+0w*)(1+490) + dw* > w*.

Assuming that § < 1/10, this yields w* < 2r. Thus the radius of the cylinders
that cover P is at most

(r+ 6w*)(1 +6) + dw* < r((1+20)(1+6) +20) < (1 + o).

d

The ideas used above in proving the existence of a small certificate may
prove useful in other contexts also. To illustrate this point, we use these ideas
to establish a known result whose earlier proofs relied on powerful tools like the
Lowner-John ellipsoid [16].

Theorem 3.1. Let P be a set of points in RY, and let € > 0. There exists
a subset Q C P with O(1/%Y) points such that for any slab that contains Q an
e-expansion of the slab contains P.

Proof: If d = 1, @ consists of the two extreme points. If d > 1, consider the
minimum width slab that covers P, and let w* be its width. We find 1/¢ slabs
such that each point in P is within ew™* of the nearest slab. We move each point
in P to the nearest slab. We now have 1/e¢ (d — 1)-dimensional point sets. We
recursively compute a (d — 1)-dimensional certificate for each of these point sets,
let @’ be their union, and @ the corresponding points in P. We argue as in
Lemma 3.2 that @ is a certificate for P. a

4 The Algorithm

Let P € R? be a set of n points in R%, and let £ > 0 be a given parameter.
Let w* > 0 denote the smallest number such that there are k£ cylinders of ra-
dius w* that cover P. We describe an efficient algorithm to compute a cover
of P using k cylinders of radius at most (1 + €)w*. The algorithm relies on the
fact P has a small (e, k)- certificate. Let u < f(e, k) denote the size of this cer-
tificate. The algorithm is an adaptation of the iterated re-weighting algorithm
of Clarkson [12] for linear programming.

The algorithm maintains an integer weight Wt(p) for each point p € P,
which is initialized to 1. For any subset @ C P, let Wt(Q) denote the sum of
the weights quQ Wt(g). Our algorithm proceeds as follows.

I. We repeat the following sampling process until we meet with success.

(a) Let r = (2logye)p and R be a random sample from P of size
c(d, k)rlogr, where c(d, k) is a sufficiently large constant. R is con-
structed by | R| independent repetitions of the sampling process in which
a point p € P is picked with probability Wt(p)/Wt(P).
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(b) We compute C(R), the optimal k-cylinder cover for R, using the brute-
force exact algorithm in O(|R|??*) time. Let S be the set of points in P
not covered by C(R). If Wt(S) > Wt(P)/r, then we return to Step (La).
Otherwise, we proceed to Step (II).

II. We check whether the e-expansion of C(R) covers P. If it does, our algorithm
returns this e-expansion as the approximate k-cylinder cover of P and halts.
Otherwise, we double the weight Wt(s) of each point s € S and return to
Step (I).

It is clear that if the algorithm does halt, it returns an e-approximate k-
cylinder cover of P because C(R) is an optimal k-cylinder cover of R and an
g-expansion of C(R) covers P. We now argue that the algorithm does indeed
halt.

Lemma 4.1. Step (II) of the algorithm is executed at most 2ulogn times.

Proof: Let @ be an (g, k)-certificate for P with size p. Let us assume that
Step (IT) is executed ¢ times, and each time the e-expansion of C(R) does not
cover P. This means that C(R) did not cover some point from @) in each iteration.
Let ¢ € @ be the point that was not covered the most number of times. Then ¢
was not covered at least £/ times, and so its weight after ¢ executions of Step (II)
is at least 2¢/#.

Note that whenever Step (II) is executed, we have Wt(S) < Wt(P)/r. Since
we double the weights of only the points in .S, it follows that Wt(P) increases by
a factor of at most (14 1/r) each time Step (II) is executed. After ¢ executions
of Step (II), we have that Wt(P) < n(1 + 1/r)*. Since we must have Wt(q) <
Wt(P), we have

2t/ < n(1+1/r)".

Taking logarithms, and rearranging the terms, we get

logy n
CS T oG T 1))

Using the fact that log,(1 + a) < (log, e)a for any a > 0, and substituting
the value of 7, it follows that ¢ < 2ulogn. O

Lemma 4.2. Let R be a random sample of P as constructed in Step (I.a) of
the algorithm, and let S be the set of points in P not covered by C(R). Then
the probability that Wt(S) > WHP)/r is at most 1/2 if the constant c(d, k) is
chosen large enough.

Proof: This follows from the theory of e-nets [20]. Let C be the set of all cylinders
in R? and let C* be the family of k-tuples in C. It can be shown that VC-
dimension of the range space (R¢,C¥) is finite and depends only on k and d.
Assuming that the constant ¢(d, k) is larger than the VC-dimension of the range
space, the lemma follows from a result by Haussler and Welzl [20]. O
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Lemma 4.2 implies that the expected number of times we have to iterate
Steps (L.a) and (IL.b) before we find a sample R for which Wt(S) < Wt(P)/r is
at most 2. Combining this with Lemma 4.1, we see that the expected running
time of the algorithm is O(¢n + £(plog 11)?%), where £ = plogn. We have thus
obtained the main result of this paper.

Theorem 4.3. Let P be a set of n points in R%, w* > 0 denote the smallest
number such that there are k cylinders of radius w* that cover P, and ¢ > 0
be a parameter. We can compute k cylinders of radius at most (1 + &)w* that
cover P in O(nlogn) time, with the constant of proportionality depending on k,
e, and d.

5 Conclusion

We presented an e-approximation algorithm for computing a k-line-center of a set
of points in R? whose running time is O(nlogn); the constant of proportionality
depends on d, k,e. We showed the existence of a small certificate for P whose
size does not depend on n and used this result to prove the correctness of the
algorithm.

It is easy to see that the algorithm is fairly general and would work in related
contexts, provided we can demonstrate the existence of a small certificate. One
disadvantage is the large dependence of the running time on d and k. We have
not tried to optimize this dependence. Some simple techniques, like computing
a constant factor approximation first and then refining it to a factor of (1 + ¢),
may help improve the dependence on some of the parameters.

Another interesting open question is whether our approach can be extended
to general projective clustering.
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Abstract. Given an undirected edge-weighted graph and a depot node,
postman problems are generally concerned with traversing the edges of
the graph (starting and ending at the depot node) while minimizing the
distance traveled. For the Min-Max k-Chinese Postman Problem (MM k-
CPP) we have k > 1 postmen and want to minimize the longest of the k
tours. We present two new heuristics and improvement procedures for
the MM k-CPP. Furthermore, we give three new lower bounds in order to
assess the quality of the heuristics. Extensive computational results show
that our algorithms outperform the heuristic of Frederickson et al. [12].

Keywords: Arc Routing, Chinese Postman Problem, Min-Max Opti-
mization, Heuristics, Lower Bounds.

1 Introduction

1.1 Problem Definition and Contributions

We consider arc routing problems with multiple postmen. Given an undirected
graph G = (V, E), weights w : F — RT for each edge (which we usually in-
terprete as distances), a distinguished depot node v; € V and a fixed number
k > 1 of postmen, we want to find k tours where each tour starts and ends at the
depot node and each edge e € F is covered by at least one tour. In contrast to
the usual objective to minimize the total distance traveled by the k postmen, for
the Min-Max k-Chinese Postman Problem (MM k-CPP) we want to minimize
the length of the longest of the k tours.

This kind of objective function is preferable when the aim is to serve each
customer as early as possible. Furthermore, tours will be enforced to be more
balanced resulting in a “fair” scheduling of tours.

The MM k-CPP was introduced in [12] and shown to be A'P-hard by a reduc-
tion from the k-partition problem. Furthermore, in [12] a (2 — %)—approximation
algorithm for the MM k-CPP is proposed, which we call FHK-heuristic in the
following. To the best of our knowledge these are the only results for the MM-
k-CPP in the literature.

In this paper we present two new constructive heuristics for the MM k-CPP
as well as improvement procedures which are used as postprocessing steps for the
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© Springer-Verlag Berlin Heidelberg 2002
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constructive heuristics. We implemented our new heuristics and the improvement
procedures as well as the FHK-heuristic and compared them on a variety of test
instances from the literature as well as on random instances. We were able to
improve the results obtained by the FHK-heuristic for most instances, sometimes
considerably. In order to assess the solution quality of the heuristics in general,
we also derived three new lower bounds for the MM k-CPP.

1.2 Related Work

Arc routing problems of a great variety are encountered in many practical sit-
uations such as road or street maintenance, garbage collection, mail delivery,
school bus routing, etc. For an excellent survey on arc routing we refer the
reader to [8], [2], [10] and [11].

The k-Chinese Postman Problem (k-CPP) has the same set of feasible so-
lutions as the MM k-CPP except that the objective is to minimize the total
distance traveled by the k postmen. In [22] it is shown that the k-CPP is poly-
nomially solvable by applying a lower bound algorithm for the Capacitated Arc
Routing Problem from [3].

Because of its great practical relevance much attention has been paid to
the Capacitated Chinese Postman Problem (CCPP) introduced in [1] and the
Capacitated Arc Routing Problem (CARP) introduced in [14]. Both problems
have the same input data as the MM k-CPP but in addition there are edge
demands (¢ : E — R*), which can be interpreted as the amount of load to
collect or deposit along the edge, and a fixed vehicle capacity Q. A feasible set of k
tours C1, . . ., C, each tour starting and ending at the depot node, has to cover all
edges e with positive demand (g(e) > 0) while obeying the restricted capacity of
each vehicle (3 .. g(e) <@ fori=1,... k). The objective is to find a feasible
set of k tours which minimizes the total distance traveled. The CCPP is a special
case of the CARP, where all edges have a positive demand. Both problems are
hard to solve, in fact in [14] it is shown that even 1.5-approximation of the CCPP
is A'P-hard.

The CARP is strongly related to the MM k-CPP since again tours are forced
to be balanced because of the capacity constraints.

Great effort has been spent to devise heuristics for the CARP. We will men-
tion some of them, inspiring our heuristics, in the subsequent sections. For an
extensive survey of CARP heuristics we refer the reader to [19].

Recently the postoptimization tools developed in [18] for the Undirected
Rural Postman Problem have been embedded into a tabu search algorithm for
the CARP [17] outperforming all other heuristics. Motivated by these results, we
developed improvement procedures suitable for the MM k-CPP with comparable
success.

In [1] a special Min-Max Vehicle Routing Problem is considered, where the
objective is also to minimize the longest tour. The difference to the MM k-
CPP is that nodes have to be traversed instead of edges. In particular, the
paper describes the solution process of a special instance with 4 vehicles and
120 customer nodes, issued in the scope of a mathematical contest in 1996. The
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fact that this instance could only be solved with a sophisticated distributed
branch-and-cut based implementation, taking 10 days on a distributed network
of 188 processors, impressively demonstrates the inherent difficulty of problems
subjected to a min-max objective.

The paper is organized as follows. In Sect. 2 we describe the heuristics and
improvement procedures we have implemented for the MM k-CPP. Sect. 3 deals
with the lower bounds developed for the MM k-CPP. In the subsequent section
we report computational results which show that our new algorithms perform
well. Finally, we give conclusions and directions for future work.

2  Algorithms

2.1 Terminology

For the MM k-CPP we have the following input data: a connected undirected
graph G = (V, ), weights for each edge w : E — R, a distinguished depot
node v; € V and a fixed number k£ > 1 of postmen. A feasible solution, called
k-postman tour, is a set C of k closed walks, C = {C1,...,Cy}, such that each
tour C; contains the depot node vy, all edges e € E are covered by at least one
tour C; and each postman is involved.

We extend the weight function w to edge sets F' C E by defining w(F') =
> ecrw(e). Now, for a k-postman tour C, let us denote the maximum weight
attained by a single tour C; as w,,..(C), i.e.

Winax (C) = max w(C}).
The objective of the MM k-CPP is to find a k-postman tour C* which mini-
mizes w,., among all feasible k-postman tours, i.e.

Winax (C*) = min{w,,..(C) | C is a k-postman tour}.

We denote by SP(v;,v;) the set of edges on the shortest path between
nodes v;,v; € V. The distance of the shortest path between v; and v; is given
by w(SP(vs, vj)).

For cach node set W let E(W) = {e € E | e = {v;,v;} and v;,v; € W} be
the set of edges having both endnodes in W.

2.2 General Remarks

Heuristics for multiple vehicle arc routing problems can be broadly classified into
three categories: simple constructive methods, two-phase constructive methods
and adaptions of meta-heuristics resp. improvement procedures. The class of two-
phase constructive heuristics can be further subdivided into route first - cluster
second and cluster first - route second approaches.

In the next section we describe the FHK-heuristic which follows the route
first - cluster second paradigm. In Sect. 2.4 and 2.5 we present our new algo-
rithms Augment-Merge and Cluster which are a simple constructive heuristic
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and a cluster first - route second heuristic, respectively. In the last subsection
we explain our improvement procedures used as postprocessing steps for the
augment-merge and cluster heuristics.

2.3 The Frederickson-Hecht-Kim Algorithm

The strategy of the FHK-heuristic [12] is to compute a single tour (a 1-postman
tour) covering all edges e € E in a first step and then to partition the tour into &
parts.

Computing a 1-postman tour is the well-known Chinese Postman Problem
(CPP), first stated by Guan [16], which is polynomially solvable by the algorithm
of Edmonds and Johnson [9].

The 1-postman tour R computed in the first step will be subdivided in the
following way: First, k — 1 so called splitting nodes on R are determined in such
a way that they mark tour segments of R approximately having the same length.
Then k tours are constructed by connecting these tour segments with shortest
paths to the depot node. For details see [12].

The time complexity of the algorithm is dominated by the computation of
a 1-postman tour which can be accomplished in O(|V[?) [9]. In [12] it is shown
that this algorithm yields a (2 — %)—approximation for the MM k-CPP.

2.4 The Augment-Merge Algorithm

This new algorithm is based on the augment-merge algorithm for the CARP
given in [14]. The idea of the algorithm is roughly as follows. We start with a
closed walk C. for each edge e = {v;,v;} € E, which consists of the edges on the
shortest path between the depot node vy and v;, the edge e itself, and the edges
on the shortest path between v; and vy, i.e. C, = (SP(v1,v;), e, SP(vj,v1)). Then
we successively merge two closed walks - trying to keep the tour weights low and
balanced - until we arrive at k tours. In detail:

Algorithm: AUGMENT-MERGE

(1) Sort the edges e in decreasing order according to their weight w(C.).

(2) In decreasing order according to w(C.), for each e = {v;,v;} € E, create

the closed walk C. = (SP(v1,v;), e, SP(vj,v1)), if e is not already covered
by an existing tour. Let C = (C1, ..., Cy,) be the resulting set of tours. Note
that the tours are sorted according to their length, i.e. w(Cy) > w(Cs) >
o> w(Cy).
If m < k we are done and have computed an optimal k-postman tour, since
no tour is longer than the shortest path tour lower bound (see Sect. 3.1).
If m < k we add kK —m “dummy” tours to C, each consisting of twice the
cheapest edge incident to the depot node.

(3) While [C| > k we merge tour Ci4q with a tour from C4, ..., Cy such that
the weight of the merged tour is minimized.
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The time complexity of the algorithm is O(]E|?) since in the third step we
have to merge O(]E|) times two tours. Merging of two tours can be accomplished
in linear time in the size of the input tours which is O(|E|).

2.5 The Cluster Algorithm

Our second new algorithm follows the cluster first - route second approach. In
the first step we divide the edge set F into k clusters and in the second step we
compute a tour for each cluster.

Going back to the second step of the augment-merge algorithm, we observe
that for some edges e we explicitly have to create a tour C, and for other edges
we do not, since they are contained in an already existing tour. Let us denote
the first kind of edges as critical edges since we have to take care that they are
served, whereas serving edges classified as non-critical is “for free”, since they
are on some shortest path connecting a critical edge and the depot node.

Motivated by this observation the cluster step of our algorithm first per-
forms a k-clustering of the critical edges into edge sets F7,..., Fy. After that,
each cluster F; is supplemented by shortest path edges connecting the contained
critical edges to the depot. The routing step consists of computing the optimum
1-postman tour for each subgraph induced by F;.

The k-clustering step is based on the farthest-point clustering algorithm
of [15] and works as follows. Let F be the set of critical edges. First, we de-
termine k representative edges fi,..., fr € F. Using a distance function d :
E x E — R", let fi € F be the edge having the maximum distance from the
depot and fy € F the edge having maximum distance from f;. Then the rep-
resentatives f; € F,i = 3,...,k are successively determined by maximizing the
minimum distance to the already existing representatives f1,..., fi—1. The re-
maining critical edges g of F' will be assigned to the edge set F; which minimizes
the distance between its representative f; and g.

Algorithm: CLUSTER

(1) Let ¢g(e) = 0 for all e € E. For each edge e = {v;,v;} € E increment the
frequency ¢g(g) by one for edges g on the shortest paths SP(v1,v;) and
SP(v;,v1). Now the set of critical edges is F' = {e € E | ¢pgp(e) < 1}.

(2) Define the distance d between two edges e = {u, v}, f = {w,x} € F as

d(e, f) = max{w(SP(u,w)), w(SP(u, z)), w(SP(v,w)), w(SP(v, x))}.

(3) Compute the k-clustering Fi, ..., F} according to the distance function d
as described above.

(4) Extend edge sets F; by adding all edges on shortest paths between the
endnodes of edges contained in F; and the depot node.

(5) Compute an optimum 1-postman tour on G[F;],i = 1,...,k, with the al-
gorithm of Edmonds and Johnson [9].
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The expensive parts of the cluster algorithm are the computation of an all
pairs shortest path (O(|V[?)) needed for the distance function d, determining
the frequency ¢g(e) of each edge e with time complexity O(|E|?) and the com-
putation of the k optimum 1-postman tours which costs O(|V|3).

2.6 Improvement Procedures

Having implemented the augment-merge and cluster heuristics and having tested
them on a variety of instances, we observed that the solutions produced still
leave potential for further improvements. We devised two general deterministic
improvement strategies which try to reduce the weight of the longest tour in a
greedy manner. These can be applied to an arbitrary k-postman tour C resulting
in a k-postman tour C with wmx(CN) < Woar (C)-

Thus, we can use the algorithms augment-merge and cluster to produce good
initial solutions of different structure and then apply the improvement proce-
dures as a postoptimization step.

The basic idea of our first improvement procedure is to eliminate edges from
the longest tour C; if these edges are already covered by other tours. In order to
easily maintain the closed walk property of C;, we focus on those edges occurring
at least twice in C;.

Algorithm: ELIMINATE REDUNDANT EDGES

(1) Let ¢;(e) be the frequency of e occurring in C; and ¢(e) = Zf;l oi(e) the
frequency of e occurring in all tours. An edge e is called multi-redundant
for C; if ¢;(e) > 2 and ¢(e) — ¢i(e) > 0.

(2) Aslong as there exists a tour which contains multi-redundant edges, choose
the longest tour C; among them, and find the multi-redundant edge e of Cj,
which leads to the maximum reduction of the tour length when removed.
In detail:

o If ¢;(e) is even and removal of ¢;(e) times edge e keeps connectivity
of Cj, set n = ¢;(e).
e If ¢;(e) is even and removal of ¢;(e) times edge e destroys connectivity
of C;, set n = ¢;(e) —2, i.e. we leave two edges for keeping connectivity.
o If ¢;(e) is odd, set n = ¢;(e) — 1, i.e. we leave one edge for connectivity.
Now we choose the edge e which maximizes n-w(e). Remove n times edge e
from C; and update the frequencies ¢;(e) and ¢(e).

In contrast to the first improvement procedure which tries to reduce the tour
lengths by eliminating redundant edges totally, we now want to improve the
longest tour by removing edges from it and integrate them into a shorter tour.

Algorithm: Two EDGE EXCHANGE

(1) As long as the longest tour has been improved do the following:
(1.1) Let C; be the tour with maximum length.
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(1.2) Traverse C; and find consecutive edges é and f which will achieve the
maximum reduction of the length of C; when deleted and replaced by
the shortest path between appropriate endnodes of € and f.

(1.3) Consider tours Cj with j # i and find the tour C} for which the
resulting tour after adding € and f (and other edges required to keep
the closed walk property) has minimum length.

(1.4) If the tour length of C} is shorter than the original tour length of C;
then replace e and f by the shortest path in C; and integrate them
into C7. If the tour length of C7 is not shorter than the original tour

length of C; then goto Step 1.2, find the next better edges é and f and
proceed.

3 Lower Bounds

3.1 Shortest Path Tour Lower Bound (SPT-LB)

This lower bound is based on the observation that in an optimal solution C*
the length of the longest tour must have at least the length of the shortest path
tour Cs = (SP(v1,v;), €, SP(vj,v1)) traversing the edge € = {v;,v;} € E farthest
away from the depot. Since the number of postmen is not taken into account
this bound will only produce good results for instances where the number of
postmen is suitable for the size of the graph.

3.2 CPP Tour Lower Bound (CPP/k-LB)

We simply compute the optimum 1-postman tour and divide its weight by k.
It is clear that we get a valid lower bound since the 1-postman tour includes a
minimum augmentation to make the given graph G Eulerian.

3.3 LP Relaxation Lower Bound (LP-LB)

We consider the following integer programming formulation of the MM k-CPP.

min T’

s.t.
Seepwe)zi(e) +wle)y'(e) <T i=1,....k
Zf:l zi(e) =1 foralleec E

Decsw) T'(€) +y'(e) =0 (mod 2) for allv € Vii=1,....k

z4(8(9)) + y1(8(9)) > 22%(e) for all SC V\{v1},e€ E(S),i=1,....k
T e R

zi(e) € {0,1},y'(e) € Ny forallee E;i=1,...,k

The binary variables 2% (e) indicate if edge e is serviced by tour C; or not. Integer
variables y*(e) count how often edge e is traversed by tour C; without servicing
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it. The variable T" models the length of the longest tour which is expressed with
the first constraint. The second set of equations ensures that each edge is serviced
exactly once. Each single tour of a valid k-postman tours must be a closed walk
containing the depot. These requirements are enforced by the third and fourth set
of constraints, respectively. For our lower bound we computed the LP relaxation
of the above integer program, omitting the fourth set of constraints.

4 Computational Results

We benchmarked the heuristics and lower bounds for £k = 2,...,10 on the fol-
lowing instances.

— Ten random generated CARP instances from [3].

23 CARP instances from [13].

— Two CARP instances from [20] and [21].

24 random generated Rural Postman Problem (RPP) instances from [5, 7, 6].
Three RPP instances from [7, 6].

— Seven random generated instances.

Due to space restrictions we give explicit results only for seven selected instances
and summarize the other results.

Table 1 shows the results for the three RPP instances from [7], Table 2 for the
two CARP instances from [21] and Table 3 for four selected random instances.

Table 1. RPP instances from [7]

Wmax fOr k =
Inst.||V] || E| |Algorithm 2 3 4 5 6 7 8 9] 10
A1 [116|174|FHK 8681 | 7003| 5825| 5265| 4929| 4529| 4278| 4085| 4218
AM+ 9379| 7609| 6119| 5384| 5199| 4528| 4180| 4094| 3936
C+ 8736(6754|5540(4780({4396|4084(4058(3648|3620

SPT-LB 3476| 3476| 3476| 3476| 3476| 3476| 3476| 3476| 3476
CPP/k-LB| 7703| 5136| 3852| 3082| 2568| 2201| 1926| 1712| 1541
LP-LB 6738| 4451| 3370| 2722| 2290| 1981| 1749| 1569| 1425

A2 ]102{160|FHK 8968| 6858| 5680| 5252| 4900| 4596| 4428| 4236| 4148
AM+ 9238| 7160| 5952| 5427| 4963| 4458| 4257| 3989| 3798
C+ 8639(|6597|5412|4850(4290(3812|3764(3764(3532

SPT-LB 3436 3436| 3436| 3436| 3436| 3436| 3436| 3436| 3436
CPP/k-LB| 7706| 5137| 3853| 3083| 2569| 2202| 1927| 1713| 1542
LP-LB 6816| 4591 3477| 2832| 2401| 2094| 1863| 1684| 1540

A3 90 |144|FHK 8673| 6307| 5306| 4655| 4246| 3917| 4050| 3625| 3556
AM+ 8073| 6411| 5395(4457| 4047| 3866| 3452|3422 3248
C+ 7892(5920(5000| 4470({3748|3650(3316| 4196|3124

SPT-LB 3124 3124| 3124| 3124| 3124| 3124| 3124| 3124| 3124
CPP /k-LB| 7199| 4800| 3600| 2880| 2400| 2057| 1800| 1600| 1440
LP-LB 6298| 4163| 3126| 2519| 2114| 1824| 1607| 1439| 1304
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Table 2. CARP instances from [21]

Wiax for k =
Inst.||V] || E| |Algorithm 2 3 4 5 6 7 8 9| 10
el |77 |98 |[FHK 2093| 1559| 1270| 1180| 1180| 1126| 1126| 1014| 1014
AM+ 1915|1551{1265(1133| 1070| 1038| 1023| 983| 924
C+ 1930| 1593| 1291| 1156{1020| 890| 874| 874| 872

SPT-LB 820 820 820 820 820 820 820| 820| 820
CPP/k-LB| 1685| 1124| 843| 674| 562| 482| 422| 375| 337
LP-LB 1471 991| 760| 621 528 462| 412| 373| 343

e2 |140[190|FHK 3010{2171|1813|1550(1431| 1421| 1387| 1341|1209
AM+ 3040| 2353| 2111| 1920| 1780| 1667| 1623| 1545| 1550
C+ 2824 2240| 1817| 1620| 1477|1374|1338(1251|1209

SPT-LB 1027| 1027| 1027| 1027| 1027| 1027| 1027| 1027| 1027
CPP/k-LB| 2607| 1738| 1304| 1043| 869| 745| 652| 580| 522
LP-LB 2324| 1560( 1179 951| 798| 690 608| 544| 494

The first four columns of the tables contain the instance name, the number of
nodes |V, the number of edges | F| and the name of the algorithm or lower bound.
The remaining columns contain the value w,,,, computed for kK = 2,...,10. The
best result is printed in boldface. We use the following abbreviations: FHK for
the FHK-heuristic, AM+ and C+ for the augment-merge heuristic and cluster
heuristic followed by both improvement procedures, SPT-LB for the shortest
path cycle lower bound, CPP/k-LB for the CPP tour lower bound and LP-LB
for the LP relaxation lower bound.

For instances from [3] we were able to improve the FHK-heuristic in 91%
of all cases with an average improvement of 10%. For instances from [13] we
improved the results in 50% of all cases with an average improvement of 7%. For
instances from [5] we improved the results in 66% of all cases with an average
improvement of 12%.

5 Conclusions

We have presented new heuristics, improvement procedures and lower bounds
for the MM k-CPP. In computational experiments we compared our algorithms
for a variety of test instances with the only heuristic existing for the MM k-CPP
to date, the FHK-heuristic. The results showed that we were able to improve
the results obtained by the FHK-heuristic considerably in nearly all cases.

Our future work will comprise further enhancements of the heuristics and
improvement procedures as well as the development of stronger lower bounds.
The goal is to embed these results in a branch-and-cut framework in order to
achieve optimal solutions for the MM k-CPP.
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Table 3. Random instances

Wiax for k=
Inst.||V] || E| |Algorithm 2 3 4 5 6 7 8 9] 10
rl |20 |33 |[FHK 5394| 4381| 4057| 3690| 3191| 2928| 2888| 2869| 2637
AM+ 5809| 5012| 4721|3173|2991|2687|2687| 2687|2545
C+ 4520(4100|3655| 3306| 3061| 2802| 2802|2676 2615
SPT-LB 2545| 2545| 2545| 2545| 2545| 2545| 2545| 2545| 2545
CPP/k-LB| 4375| 2917| 2188| 1750| 1459| 1250| 1094| 973| 875
LP-LB 4086| 2704| 2116| 1732| 1510| 1352| 1234| 1141| 1068
r2 |40 |70 |FHK 7758| 6100| 5183| 4284| 4019| 3702| 3702| 3536| 3184
AM+ 8624| 6017| 5104| 4324| 4032| 3971| 3394| 3525| 3026
C+ 8112|5676|4697(3910|3813|3484|3295(2939|2973
SPT-LB 2211 2211 2211 2211 2211 2211 2211 2211 2211
CPP/k-LB| 7311| 4874| 3656| 2925| 2437| 2089| 1828| 1625| 1463
LP-LB 6542| 4390| 3368| 2755| 2346| 2054| 1835| 1664 | 1528
r3 [100{199|FHK 12398|8826| 7588| 6628| 5726| 5267| 4803| 4475| 4437
AM+ 12266| 9500| 7868| 7038| 6350| 6420| 6106| 5082| 4788
C+ 11983| 9207|7152|6001|5310({4732|4490|4256(4102
SPT-LB 2900| 2900( 2900| 2900{ 2900| 2900| 2900| 2900| 2900
CPP/k-LB| 11155| 7437| 5578| 4462| 3719| 3188| 2789| 2479| 2231
LP-LB 9826| 6464 | 4859| 3897| 3255| 2797| 2453| 2186| 1972
r4 [100]{200|FHK 11804| 8426| 7134| 5990| 5681| 4887| 4505| 4059| 4034
AM+ 11979| 9296| 7572| 6806| 5924| 5941| 5116| 4873| 4722
C+ 11834|8252|6755(5805|5074|4526|4074/3833|3647
SPT-LB 2637| 2637| 2637| 2637| 2637| 2637| 2637| 2637| 2637
CPP/k-LB| 10877| 7251| 5439| 4351| 3626| 3108| 2720| 2417| 2176
LP-LB 9906| 6460| 4871| 3918| 3282| 2828| 2488| 2223| 2011
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Abstract. We describe a new software system SCIL that introduces
symbolic constraints into branch-and-cut-and-price algorithms for inte-
ger linear programs. Symbolic constraints are known from constraint
programming and contribute significantly to the expressive power, ease
of use, and efficiency of constraint programming systems.

1 Introduction

Many combinatorial optimization problems are naturally formulated through
constraints. Consider the traveling salesman problem (TSP). It asks for the min-
imum cost Hamiltonian cycle! in an undirected graph G = (V, E) with edge
weights (we)eep. Formulated as an optimization task:

Find a subset T of the edges of G such that “T is a Hamiltonian cycle” and
Y eer We s mindmum.

* Partially supported by the Future and Emerging Technologies programme of the
EU under contract number IST-1999-14186 (ALCOM-FT). Die Arbeit wurde mit
der Unterstiitzung eines Stipendiums im Rahmen des Hochschulsonderprogramms
ITT von Bund und Léndern iiber den DAAD ermdoglicht.

1A Hamiltonian cycle (“tour”) in a graph is a cycle passing exactly once through
every node of the graph.
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Our vision is that the sentence above (written in some suitable language) suffices
to obtain an efficient algorithm for the TSP. Efficiency is meant in a double
sense. We want short development time (= efficient use of human resources) and
runtime efficiency (= efficient use of computer resources). The software system
SCIL is our first step towards realizing this vision. Section 3 shows a SCIL
program for the traveling salesman problem.

We propose a programming system for (mized) integer linear programming
(ILP) based on a branch-and-cut-and-price framework (BCP) that features sym-
bolic constraints.

Integer linear programming and more specifically the branch-and-cut-and-
price paradigm for solving ILPs is one of the most effective approaches to
find exact or provably good solutions of hard combinatorial optimization prob-
lems [NW8&8, EGJRO1]. It has been used for a wide range of problems including
the TSP [ABCC99, Nad02], maximum-cut-problems [SD.J"96], cutting-stock-
problems [VBJN94], or crew-scheduling [BJNT98]. For more applications we
refer to the overview [CF97]. The implementation of a BCP algorithm requires
significant expert knowledge, a fact that has hindered the spread of the method
outside the scientific world. It consists of various involved components, each
with wide influence on the algorithm’s overall performance. Almost all parts
of a BCP algorithm considerably rely on linear programming (LP) methods or
properties of the linear programming relaxation of the underlying ILP. Many
components are problem independent and can be provided by existing software
packages (see [JT00]). But there is still a major problem dependent part: an ILP
formulation has to be found, appropriate linear programs have to be derived, the
various methods for exploiting LP solutions to find feasible solutions or speedup
the computation have to be designed and implemented. To our knowledge there
is no BCP system for combinatorial optimization that covers the problem de-
pendent part in an appropriate way.

SCIL closes this gap by introducing symbolic constraints, one of the key
achievements constraint programming [vHS96] into integer linear programming.
It simplifies the implementation of BCP-algorithms by supporting high-level
specifications of combinatorial optimization problems with linear objective func-
tions. It provides a library of symbolic constraints, which allow one to convert
high-level specifications into efficient BCP-algorithms. A user may extend SCIL
by defining new symbolic constraints or by changing the standard behavior of
the algorithms. We have used SCIL already in several projects like curve recon-
struction [AMO1] and computing protein dockings [AKT.M]. A documentation of
SCIL, a list of available symbolic constraints and more examples can be found
on the SCIL home page (http://www.mpi-sb.mpg.de/SCIL).

The rest of the paper is organized as follows. We give a short introduction on
BCP algorithms for combinatorial optimization in Section 1.1, we relate SCIL
to extant work in Section 2, give a first SCIL-program in Section 3, formalize
the BCP-paradigm and define the role of symbolic constraints in Section 4, and
discuss the implementation of symbolic constraints in Section 5.
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SCIL also allows one to solve problems using the Lagrangean relaxation tech-
nique. Furthermore we developed a numerical exact BCP algorithm for SCIL.
For details of these issues we refer to a forthcoming paper.

1.1 ILP Formulations and BCP Algorithms

Again we use the TSP to explain how combinatorial optimization problems are
modeled as ILPs and solved by BCP. First, one has to find an ILP formulation.
For the TSP (as for many other problems) one starts from a first high-level
description, e.g., the description we gave in the introduction. Then one tries to
characterize the problem in more detail by identifying problem defining struc-
tures. This may yield another high-level description like (1b) which is suitable
to be formulated as an ILP. The resulting well-known ILP formulation (subtour
elimination formulation) is given in (la).
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a) ILP formulation b) high-level description

In this formulation there is a connection between edges e and binary vari-
ables z.. The value of z. is 1 if the edge belongs to the tour T" and 0 otherwise.
Furthermore, nodes i € V' correspond to degree equations and subsets S corre-
spond to subtour elimination constraints. Such correspondences between combi-
natorial objects and components of the ILP formulation are inevitable and turn
out to be very useful in the modeling environment SCIL. Beside the two classes
of constraints used in (la) there are many other classes of inequalities used in
state of the art TSP solvers [ABCC99, Nad02].

In the following we sketch a BCP algorithm for the formulation (1a) which
also applies to every other ILP problem. A BCP-algorithm for the minimization
problem P is basically a branch-and-bound algorithm in which the bounds are
solutions of LP-relaxations. These relaxations are naturally derived from the lin-
ear description of our problem by dropping the integrality constraints. However,
our formulation contains an exponential number of constraints for an instance
with n nodes (there are ©(2") subsets). This leads to the idea to solve the re-
laxation with a subset of all constraints, check whether the optimum solution
violates any other of the constraints, and if so, append them to the relaxation.
Identifying violated constraints is called separation and added constraints are
called cutting planes. The procedure is a cutting plane algorithm.

Every subproblem in the enumeration of the branch-and-bound algorithm
has its own LP relaxation which is iteratively strengthened by the cutting plane
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procedure. This results in increasing local lower bounds on the optimum solution
for a subproblem. Subproblems can be discarded if the local lower bound is not
smaller than the objective function value g of the best feasible solution found
so far. The value g is a global upper bound on the optimum solution. Branch-
ing, i.e., splitting a subproblem into two or more, is performed by introducing
appropriate linear constraints to the resulting subproblems. The LP relaxation
of a successor node in the enumeration-tree is created by adding appropriate
“branching constraints” to the relaxation of the predecessor.

In some applications where the LP relaxations of the subproblems contain
too many variables in order to solve the LPs efficiently the LP relaxations are
solved by column generation. This method solves the LP on a small subset of the
variables. All missing variables are assumed to have value 0. In order to prove
that the solution of the restricted LP is optimal for the entire set of variables
one has to check the reduced costs of the ignored variables. This step is called
pricing.

2 Comparison to Extant Work

The cutting plane procedure was invented in 1954 by Dantzig et. al. [DFJ54]
for the traveling salesman problem. The branch-and-cut-paradigm was first
formulated for and successfully applied to the linear ordering problem by
Grotschel et. al. in 1984 [GJR84]. The first state-of-the-art BCP algorithm was
developed in 1991 by Padberg and Rinaldi [PR91]. Since then, the method was
applied to a huge number of problems. The LP-solver was treated as an indepen-
dent black-box almost from the beginning. The software system ABACUS [JT00]
is an object oriented software framework for BCP-algorithms. It provides the
problem independent part, e.g., the enumeration tree, the interface with the
LP-solver and various standard strategies, e.g. for branching or exploiting LP
properties. It has concepts like subproblem, cut-generation, and pricing. It has
no modeling language and does not provide a library of separation and pricing
routines.

Another direction are general ILP-solvers using the BC-paradigm. These
solvers are mostly extensions of existing linear programming solvers, e.g. CPLEX
[CPL] or XPRESS [Das00]. They solve arbitrary ILPs using general cuts, e.g.,
Gomory cuts. Modeling languages, such as AMPL [FGK92] or GAMS [Cor02],
can be used to specify the ILP. However, modeling is on the level of ILPs, all con-
straints must be given explicitly, and the support of problem specific cuts and
variable generation is rudimentary. Modeling systems for general ILP solvers
translate a high-level problem description into a matrix. During this process
most of the structural knowledge contained in the model gets lost. The solver
only sees a matrix.

Symbolic